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Abstract Nonconvex-nonconcave minimax optimization has gained widespread
interest over the last decade. However, most existing works focus on variants of
gradient descent-ascent (GDA) algorithms, which are only applicable to smooth
nonconvex-concave settings. To address this limitation, we propose a novel
algorithm named smoothed proximal linear descent-ascent (smoothed PLDA),
which can effectively handle a broad range of structured nonsmooth nonconvex-
nonconcave minimax problems. Specifically, we consider the setting where the
primal function has a nonsmooth composite structure and the dual problem
possesses the Kurdyka- Lojasiewicz (K L) property with exponent θ ∈ [0, 1). We
introduce a novel convergence analysis framework for smoothed PLDA, the
key components of which are our newly developed nonsmooth primal error
bound and dual error bound. Using this framework, we show that smoothed
PLDA can find both ϵ-game-stationary points and ϵ-optimization-stationary
points of the problems of interest in O(ϵ−2max{2θ,1}) iterations. Furthermore,
when θ ∈ [0, 12 ], smoothed PLDA achieves the optimal iteration complexity of
O(ϵ−2). To further demonstrate the effectiveness and wide applicability of our
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analysis framework, we show that certain max-structured problem possesses the
K L property with exponent θ = 0 under mild assumptions. As a by-product,
we establish algorithm-independent quantitative relationships among various
stationarity concepts, which may be of independent interest.

Keywords Nonconvex-Nonconcave Minimax Optimization, Proximal
Linear Scheme, Nonsmooth Composite Structure, Perturbation Analysis,
Kurdyka- Lojasiewicz Property
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1 Introduction

In this paper, we aim to solve the following minimax problem:

min
x∈X

max
y∈Y

F (x, y). (P)

Here, F : Rn×Rd → R can be both nonconvex with respect to x and nonconcave
with respect to y, X ⊆ R

n is a nonempty closed convex set, and Y ⊆ R
d is a

nonempty compact convex set. This problem has a wide range of applications
in machine learning and operations research. Examples include learning with
non-decomposable loss [58, 67], training generative adversarial networks [1,
27], adversarial training [44, 59], and (distributionally) robust optimization
(DRO) [7, 53].

When F is a smooth function, a natural and intuitive approach for solving
(P) is gradient descent-ascent (GDA), which involves performing gradient
descent on the primal variable x and gradient ascent on the dual variable y
in each iteration. For nonconvex-strongly concave problems, GDA can find an
ϵ-stationary point with an iteration complexity of O(ϵ−2) [40]. This matches the
lower bound for solving (P) using a first-order oracle, as shown in [14, 37, 68].
However, when F (x, ·) is not strongly concave for some x ∈ X , GDA may
encounter oscillations, even for bilinear problems. To overcome this challenge,
various techniques utilizing diminishing step sizes have been proposed to
guarantee convergence. Nevertheless, these techniques can only achieve a
suboptimal complexity of O(ϵ−6) at best [33, 40, 42]. To achieve a lower iteration
complexity, the works [62, 66] introduce a smoothing technique to stabilize
the iterates. As a result, the complexity is improved to O(ϵ−4) for general
nonconvex-concave problems. Moreover, the works [63, 66] achieve the “optimal”
iteration complexity of O(ϵ−2) for dual functions that either take a pointwise-
maximum form or possess the Polyak- Lojasiewicz (P L) property [51].1 On
another front, multi-loop-type algorithms have been developed to achieve a lower
iteration complexity for general nonconvex-concave problems [48, 61, 64, 49].

1 As far as we know, the lowest complexity required for finding approximate stationary
points of nonconvex-P L minimax/pointwise maximum problems remains an open question.
Nevertheless, as we mentioned, for smooth nonconvex-strongly concave problems, the O(ϵ−2)
complexity is already optimal.
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Among these, the two triple-loop algorithms in [39, 49] have the lowest iteration
complexity of O(ϵ−2.5).

If we take one step into the nonsmooth world with (P) possessing a separable
nonsmooth structure, i.e., its objective function consists of a smooth term and
a separable nonsmooth term whose proximal mapping can be readily computed,
then the analytic and algorithmic framework from the purely smooth case can
be easily adapted. Specifically, a class of (accelerated) proximal-GDA type
algorithms have been proposed, where the gradient step is substituted by
the proximal gradient step [5, 12, 16, 32]. By utilizing the gradient Lipschitz
continuity condition of the smooth term, these algorithms can be shown to
achieve the same iteration complexity as those for the smooth case.

As we can see, most existing algorithms can only handle the almost smooth
case, which refers to scenarios where at least some gradient information is
obtainable, such as in purely smooth or separable nonsmooth problems. By
contrast, the general nonsmooth problem has received relatively little attention
in the minimax literature. Only recently have two algorithms, namely the prox-
imally guided stochastic subgradient method [52] and two-timescale GDA [41],
been proposed to tackle general nonsmooth weakly convex-concave problems.
Unfortunately, these methods suffer from the high iteration complexities of
O(ϵ−6) and O(ϵ−8), respectively, since they only use subgradient information
and neglect problem-specific structures. Thus, a natural question arises: Q1:
Are there structured nonsmooth nonconvex-concave problems whose
ϵ-stationary points can be found with an iteration complexity of
O(ϵ−4), just like smooth nonconvex-concave problems? Taking a step
further, we would like to pose a more challenging and intriguing question: Q2:
Can we identify general regularity conditions to achieve the “optimal”
rate of O(ϵ−2) for nonsmooth nonconvex-nonconcave problems?

1.1 Main Contributions

This paper provides affirmative answers to both questions Q1 and Q2 for a
particular class of nonsmooth nonconvex-nonconcave problems. We focus on
a primal function that has the composite structure F (·, y) := hy ◦ cy for each
y ∈ Y, where hy is convex, Lipschitz continuous, and possibly nonsmooth; cy
is continuously differentiable with a Lipschitz continuous Jacobian mapping;
and the dual function is continuously differentiable and gradient Lipschitz
continuous on X × Y . Additionally, we assume that either the dual function is
concave or the dual problem possesses the K L property with exponent θ ∈ [0, 1).
As concavity alone cannot guarantee the K L property [10], we deal with the
concave case separately.

To start, we introduce a new algorithm called smoothed proximal linear
descent-ascent (smoothed PLDA), which builds on the smoothed GDA al-
gorithm [66]. Unlike its predecessor, smoothed PLDA is extended to handle
nonsmooth composite nonconvex-nonconcave problems. To achieve this, we
leverage the proximal linear scheme to effectively manage the nonsmooth
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Table 1: Comparison of the iteration complexities of smoothed PLDA and other
related methods under different settings for solving minx∈X maxy∈Y F (x, y).

Primal Func. Dual Func./Prob. Iter. Compl. Add. Asm.

Two-timescale GDA [40] L-smooth concave O(ϵ−6) X = R
n

Smoothed GDA [66] L-smooth concave O(ϵ−4) —

PG-SMD [52] weakly convex concave O(ϵ−6) X bounded

Smoothed PLDA nonsmooth composite concave O(ϵ−4) —

GDA [40] L-smooth strongly concave O(ϵ−2) X = R
n

Smoothed GDA [63] L-smooth P L O(ϵ−2) Y = R
d

Smoothed PLDA nonsmooth composite K L with exponent θ O(ϵ−2max{2θ,1}) X bounded

composite structure of the primal function. This scheme has been extensively
studied in recent literature [47, 15, 30, 35, 23, 24, 29], though its application
to minimax optimization has not been explored.

Although the algorithmic extension may seem intuitive and straightforward,
it introduces notable challenges in the convergence analysis. These challenges
arise primarily from the lack of gradient Lipschitz continuity of the primal
function and the nonconcavity of the dual function. To address these chal-
lenges, we first establish a tight Lipschitz-type primal error bound property of
the proximal linear scheme, which holds even without the gradient Lipschitz
continuity condition (see Proposition 2). This error bound is new and plays a
crucial role in demonstrating the sufficient decrease property of the designed
Lyapunov function. The sufficient decrease property serves as a starting point
to ensure the global convergence of smoothed PLDA.

Next, we observe that the nonconcavity of the dual function poses a funda-
mental challenge in achieving a favorable tradeoff between the decrease in the
primal and the increase in the dual. This challenge arises from the absence of
inherent dominance between the primal and dual functions, making it difficult
to find an optimal balance between the primal and dual updates. As it turns
out, the primal-dual tradeoff directly impacts the convergence rate. To quantify
this tradeoff, we introduce a new dual error bound property based on the K L
exponent of the dual problem (see Proposition 3). This is a notable departure
from the usual approach of utilizing the K L exponent in pure primal nonconvex
optimization [36, 3].

The aforementioned primal and dual error bounds lie at the core of our
convergence analysis framework. Our main result is that, when the dual problem
possesses the K L property with exponent θ ∈ [0, 1), smoothed PLDA can find
both ϵ-game-stationary points and ϵ-optimization-stationary points of the
nonsmooth composite nonconvex-nonconcave problems introduced earlier in
O(ϵ−2max{2θ,1}) iterations. For concave functions, smoothed PLDA attains the
same iteration complexity of O(ϵ−4) as the smoothed GDA in [66]. Therefore,
we address Q1 by extending smoothed GDA to a nonsmooth nonconvex-
nonconcave setting while preserving at least the same iteration complexity.
Table 1 presents a summary of the iteration complexities of smoothed PLDA
and other related methods in various scenarios. Using our analysis framework,
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we further show that when the K L exponent of the dual problem lies between 0
and 1

2 , smoothed PLDA achieves the “optimal” iteration complexity of O(ϵ−2),
thus addressing Q2.

Interestingly, our analysis framework also reveals a phase transition phe-
nomenon: The iteration complexity depends on the slower of the primal and
dual variable updates, which can be characterized by the dual error bound.
Specifically, when θ ∈ [0, 12 ], the dual update is faster than the primal update,
which causes the primal update to dominate the optimization process. How-
ever, since the primal update involves solving a strongly convex problem, we
cannot achieve an iteration complexity better than O(ϵ−2), which is optimal
for nonconvex-strongly concave problems. By contrast, when θ ∈ ( 1

2 , 1), the
dual update dominates, and the iteration complexity explicitly depends on the
K L exponent θ, i.e., O(ϵ−4θ).

To further demonstrate the wide applicability and effectiveness of our
analysis framework, we apply it to problems with a linear dual function and
polytopal constraints on y. An important example is the max-structured
problem, which takes the form

min
x∈X

max
i∈[d]

Gi(x). (1.1)

Here, Gi : Rn → R, where i ∈ [d], is a nonconvex function with the composite
structure mentioned earlier. Such a problem arises frequently in machine
learning applications, including distributionally robust optimization (DRO)
[8, 57, 26], adversarial training [44], fairness training [45, 48], and distribution-
agnostic meta-learning [17]. Under some regularity conditions, we show that
problem (1.1) possesses the K L property with exponent θ = 0.

Finally, the new dual error bound enables us to establish algorithm-independent
quantitative relationships among different stationarity concepts (see Theorem
4). The relationships are obtained as a by-product of our analysis and extend
the scope of previous results in [33, 54, 20] to a wider range of settings. Further-
more, they hold great promise for demystifying various notions of stationarity
in the context of minimax optimization.

Structure of the paper The paper is organized as follows. In Section 2, we
provide several representative applications to demonstrate not only the preva-
lence of problem (P) when the primal function F has the composite structure
mentioned earlier but also the versatility of our proposed smoothed PLDA. In
Section 3, we introduce the problem setup and key concepts used throughout
the paper. We then present our proposed algorithm and a new convergence
analysis framework for studying it in Sections 4 and 5, respectively. In Section
6, we verify that the max-structured problem (1.1) possesses the K L property
with exponent θ = 0. In Section 7, we clarify the relationships among various
stationarity concepts, both conceptually and quantitatively. Finally, we end
with some closing remarks in Section 8.
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2 Motivating Applications

One important class of problems that is mostly beyond the reach of existing
algorithmic approaches but can be tackled by our proposed smoothed PLDA
is “two-layer” nonsmooth composite optimization, which takes the form

min
x∈X

f(h(c(x))). (2.1)

Here, f : Rd → R is convex, h : Rm → R
d is convex and Lipschitz continuous,

and c : Rn → R
m is continuously differentiable with a Lipschitz continuous

Jacobian mapping. Note that both f and h can be nonsmooth. Now, observe
that we can isolate the first-layer nonsmoothness by reformulating (2.1) as the
minimax problem

min
x∈X

max
y∈Rd

y⊤h(c(x)) − f⋆(y), (2.2)

where f⋆ : Rd → R ∪ {+∞} is the conjugate function of f . Consequently, we
can apply our proposed smoothed PLDA to solve (2.2).

Various applications admit formulations that feature the nonsmooth com-
posite structure in (2.1). Let us discuss two representative ones here.

(i) Variation-Regularized Wasserstein DRO [26]

The DRO methodology aims to find optimal decisions under the most
adverse distribution in an ambiguity set, which consists of all probability
distributions that fit the observed data with high confidence. In recent years,
several works have interpreted regularization from a DRO perspective; see,
e.g., [46, 9, 57, 18, 53, 26]. These works provide a probabilistic justification
for existing regularization techniques and offer an alternative approach to
tackle risk minimization problems. For instance, the work [26] establishes the
asymptotic equivalence between Wasserstein distance-induced DRO and the
following variation-regularized problem:

min
θ∈Θ

1

N

N∑
i=1

ℓ(fθ(xi), yi) + ρmax
i∈[N ]

∥∇xfθ(xi)∥q. (2.3)

Here, {(xi, yi)}i∈[N ] are the feature-label pairs, ℓ : R→ R is the loss function,
fθ is the feature mapping (e.g., a neural network parameterized by θ), ρ > 0
is the constraint radius, and q ∈ [1,+∞] is a parameter. It can be shown
that problem (2.3) takes the form in (2.1), where the assumptions on f, h, c
are satisfied when, e.g., ℓ is convex and Lipschitz, and fθ(xi) has a Lipschitz
continuous gradient and ∇xfθ(xi) has a Lipschitz continuous Jacobian with
respect to θ for all i ∈ [N ]. The variation regularization can be regarded as an
empirical alternative to Lipschitz regularization, where the goal is to promote
smoothness of fθ over the entire training dataset. Since problem (2.3) is closely
related to the task of controlling the Lipschitz constant of deep neural networks,
it has attracted significant interest. In particular, problem (2.3) with ℓ(·) = | · |
being the absolute loss and fθ being a linear mapping is thoroughly investigated
in [8].
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(ii) ℓ1-Regression with Heavy-Tailed Distributions [67]

In linear regression, when the input and output follow heavy-tailed distri-
butions, empirical risk minimization may no longer be a suitable approach.
This observation has led to recent research on learning with heavy-tailed dis-
tributions [4]. For instance, the work [67] proposes the following truncated
minimization problem for ℓ1-regression with heavy-tailed distributions:

min
θ∈Θ

1

αN

N∑
i=1

ψ
(
α|yi − θ⊤xi|

)
. (2.4)

Here, α > 0 is a parameter and ψ : R → R is the nondecreasing truncation
function defined by

ψ(t) =

 log
(

1 + t+ t2

2

)
, t ≥ 0

− log
(

1 − t+ t2

2

)
, t ≤ 0.

Note that ψ is a 1
4 -weakly convex function. Then, problem (2.4) can be refor-

mulated as

min
θ∈Θ

max
q∈RN

1

αN

N∑
i=1

[
αqi|yi − θ⊤xi| − ψ⋆

µ(qi) −
µα2

2
∥yi − θ⊤xi∥2

]
,

where ψµ(·) = ψ(·) + µ
2 ∥ · ∥

2 and µ > 1
4 so as to enforce the strong convexity

of ψµ. To the best of our knowledge, there is no provably efficient algorithm
for solving (2.4).

Besides the nonsmooth composite optimization problem (2.1), a variety of
minimax problems can also be tackled by smoothed PLDA. Let us illustrate
this by considering the general ϕ-divergence DRO problem studied in [34].

(iii) General ϕ-Divergence DRO [34]

Building on the problem setup in (i), we consider a slight generalization of
ϕ-divergence DRO, which is given by

min
θ∈Θ

max
q∈∆N :

∑N
i=1 ϕ(Nqi)≤nρ

1

N

N∑
i=1

qiℓ(fθ(xi, yi)) − ψ(Nqi). (2.5)

Here, the functions ϕ, ψ : R→ R are convex and satisfy ϕ(1) = ψ(1) = 0, ρ ≥ 0
is the constraint radius, and ∆N is the N -dimensional standard simplex. When
ϕ = 0 and ψ = ι[0,1/α)

2 with α ∈ [0, 1), problem (2.5) reduces to Conditional
Value-at-Risk minimization [55]. When ψ = 0 and ϕ(t) = t log t− t+1, problem
(2.5) reduces to Kullback-Leibler divergence DRO [31]. While the algorithmic
approach in [34] only applies to the case where ℓ and fθ are both smooth, our
proposed smoothed PLDA is able to handle a wide range of loss functions,
including nonsmooth losses such as the absolute loss.

2 For any set S ⊆ R
ℓ, we use ιS : Rℓ → {0,+∞} to denote the indicator function associated

with S.
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3 Preliminaries

Let us introduce the basic problem setup and key concepts that will serve as
the basis for our subsequent analysis.

Assumption 1 (Problem setup) The following assumptions on the objec-
tive function F of problem (P) hold throughout the paper.

(a) (Primal function) For all y ∈ Y, the function F (·, y) : Rn → R takes the
form F (·, y) := hy ◦ cy(·), where cy : Rn → R

m is continuously differentiable
with Lc-Lipschitz continuous Jacobian mapping, i.e.,

∥∇cy(x) −∇cy(x′)∥ ≤ Lc∥x− x′∥ for all x, x′ ∈ X ;

and hy : Rm → R is convex and Lh-Lipschitz continuous, i.e.,

|hy(z) − hy(z′)| ≤ Lh∥z − z′∥ for all z, z′ ∈ Rm.

(b) (Dual function) For all x ∈ X , the function F (x, ·) : Rd → R is continu-
ously differentiable with ∇yF (·, ·) being L-Lipschitz continuous on X × Y,
i.e.,

∥∇yF (x, y)−∇yF (x′, y′)∥ ≤ L∥(x, y)−(x′, y′)∥ for all (x, y), (x′, y′) ∈ X×Y.

Without loss of generality, we may take L = LhLc.

Assumption 2 (K L property with exponent θ for dual problem) For
all x ∈ X , the problem maxy∈Y F (x, y) has a nonempty solution set and a finite
optimal value. Moreover, there exist µ > 0 and θ ∈ [0, 1) such that

dist(0,−∇yF (x, y) + ∂ιY(y)) ≥ µ

(
max
y′∈Y

F (x, y′) − F (x, y)

)θ

for all x ∈ X and y ∈ Y \ Y⋆(x), where Y⋆(x) := argmaxy′∈Y F (x, y′) .

Remark 1 The P L property has been widely used as a standard assumption
in nonconvex-nonconcave minimax optimization [48, 63]. However, its usage is
restricted to smooth unconstrained settings. To overcome this limitation, we
employ the K L property, which has been demonstrated in [2] to be a nonsmooth
extension of the P L property. The K L exponent, a crucial quantity in the
convergence rate analysis of first-order methods for nonconvex optimization [25,
36], plays a vital role in establishing the explicit convergence rate of smoothed
PLDA.

Let us now examine the stationarity measures discussed in this paper. We
define the value function f : Rn → R, the potential function Fr : Rn×Rd×Rn →
R, and the dual potential value function dr : Rd × R

n → R by

f(x) := max
y∈Y

F (x, y),

Fr(x, y, z) := F (x, y) +
r

2
∥x− z∥2,



Primal-Dual Balancing in Nonsmooth NC-NC Minimax Optimization 9

dr(y, z) := min
x∈X

Fr(x, y, z),

respectively, where we assume r > L in the rest of this paper.
As the function F (·, y) is weakly convex for each y ∈ Y [24, Lemma 4.2], the

value function f is also weakly convex. Thus, motivated by the development in
[21], we may use the measure in Definition 1(a), which we call optimization
stationarity, as a (primal) stationarity measure for (P). On the other hand, it
is shown in [24, Lemma 4.3] that ∇zdr(y, x) = r(x− prox 1

rF (·,y)+ιX (x)), where

prox denotes the proximal mapping (see Definition 4 in Appendix A). Thus,
we may use the measure in Definition 1(b), which we call game stationarity, as
a (primal-dual) stationarity measure for (P).

Definition 1 (Stationarity measures) Let ϵ ≥ 0 be given.

(a) The point x ∈ X is an ϵ-optimization-stationary point (ϵ-OS) of problem
(P) if

∥ prox 1
r f+ιX (x) − x∥ ≤ ϵ.

(b) The pair (x, y) ∈ X × Y is an ϵ-game-stationary point (ϵ-GS) of problem
(P) if

∥∇zdr(y, x)∥ ≤ ϵ and dist(0,−∇yF (x, y) + ∂ιY(y)) ≤ ϵ.3

Since weakly convex functions and smooth functions are subdifferentially
regular, we can utilize the Fréchet subdifferential in the above definitions. A
brief overview of various subdifferential constructions in nonsmooth nonconvex
optimization can be found in [38]. In Section 7, we will explore the quantitative
relationship between the two stationarity measures in Definition 1.

4 Proposed Algorithm — Smoothed PLDA

GDA is a commonly used method for solving smooth nonconvex-concave
problems. However, its vanilla implementation can lead to oscillations, and a
conventional approach to mitigate this issue is to use diminishing step sizes.
Unfortunately, one cannot achieve the optimal iteration complexity with this
approach. In view of this, the work [66] proposes a Nesterov-type smoothing
technique that stabilizes the primal sequence and achieves a better balance
between primal and dual updates. However, the technique crucially relies on
the smoothness of the objective function.

The nonsmoothness in our problem setting poses a key challenge to al-
gorithm design. To overcome this challenge, we fully leverage the composite
structure of the primal function and adopt the proximal linear scheme for the
primal update [24]. Specifically, given r > L and λ > 0, consider the update

xk+1 ∈ argmin
x∈X

{
Fxk,λ(x, yk) +

r

2
∥x− zk∥2

}
, (4.1)

3 For any x ∈ R
ℓ and S ⊆ R

ℓ, we use dist(x,S) := inf
z∈S

∥x− z∥ to denote the distance from

x to S.
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where

Fxk,λ(x, yk) := hyk

(
cyk(xk) + ∇cyk(xk)⊤(x− xk)

)
+

1

2λ
∥x− xk∥2.

Here, {zk} is an auxiliary sequence. In particular, when h(t) = t, the primal
update (4.1) reduces to the standard gradient descent step as described in [66].
The dual update and other smoothing steps are the same as those in the
smoothed GDA developed in [66].

Our smoothed PLDA algorithm is formally presented in Algorithm 1.

Algorithm 1: Smoothed PLDA

Input : Initial point (x0, y0, z0) and parameters r > L, λ > 0, α > 0,
β ∈ (0, 1)

1 for k = 0, 1, 2, . . . do
2 xk+1 := argmin

x∈X

{
Fxk,λ(x, yk) + r

2∥x− zk∥2
}

3 yk+1 := projY
(
yk + α∇yF (xk+1, yk)

)
4 zk+1 := zk + β(xk+1 − zk)

5 end

Remark 2 (Primal update) Finding a closed-form solution for the primal
update (4.1) is challenging due to the nonsmooth composite structure. However,
problem (4.1) is strongly convex. If it in addition possesses certain error
bound property, then an ϵ-optimal solution can be found by suitable first-order
methods in at most O(log(ϵ−1)) iterations; see [69] and [19, Chapter 8] for
details and further references. In general, the lower bound on the iteration
complexity of first-order methods for solving nonsmooth strongly convex problems
is Ω(ϵ−1) [13, Theorem 3.13]. We emphasize that the optimal approach to
solving (4.1) depends on the problem’s specific structure. For simplicity and to
focus on our main contributions, we assume the exactness of the primal update
and concentrate on the iteration complexity of the outer loop in subsequent
analyses.

5 Convergence Analysis of Smoothed PLDA

In this section, we present the main theoretical contributions of this paper. Our
goal is to investigate the convergence rate of smoothed PLDA (see Theorem 1)
under different settings, including nonconvex-K L and nonconvex-concave.

Before proceeding, let us fix the notation as in Table 2.

5.1 Analysis Framework

We start by presenting the key ideas in the analysis.



Primal-Dual Balancing in Nonsmooth NC-NC Minimax Optimization 11

Table 2: Notation

Notation Definition Notes

Fr(x, y, z) F (x, y) + r
2
∥x− z∥2 potential function

dr(y, z) min
x∈X

Fr(x, y, z) dual potential value function

pr(z) max
y∈Y

min
x∈X

Fr(x, y, z) proximal function

xr(y, z) argmin
x∈X

Fr(x, y, z) —

x⋆
r(z) argmin

x∈X
max
y∈Y

Fr(x, y, z) —

Y (z) argmax
y∈Y

dr(y, z) y(z) ∈ Y (z)

y+(z) projY (y + α∇yF (xr(y, z), y)) one-step projected gradient ascent on the dual function

Step 1: Construct a Lyapunov function that possesses the sufficient
decrease property.

Building on [66], we define the Lyapunov function Φr : Rn × R
d × R

n → R

as follows:

Φr(x, y, z) := Fr(x, y, z) − dr(y, z)︸ ︷︷ ︸
Primal Descent

+ pr(z) − dr(y, z)︸ ︷︷ ︸
Dual Ascent

+ pr(z)︸ ︷︷ ︸
Proximal Descent

.

The sole distinction between the above Lyapunov function and the one in [66]
is that we swap the order of min and max in the definition of pr, transitioning
from minx∈X maxy∈Y Fr(x, y, ·) to maxy∈Y minx∈X Fr(x, y, ·). This alteration
enables a more comprehensive analysis of cases where the dual function is
nonconcave. Each term in the potential function Φr is tightly connected to
the algorithmic updates. Specifically, the updates for the primal, dual, and
auxiliary variables can be viewed as a descent step on the primal function Fr,
an approximate ascent step on the dual potential value function dr, and an
approximate descent step on the proximal function pr, respectively.

Next, our task is to quantify the change in each term of the Lyapunov
function after one round of updates. To do so, the key step is the following:

Step 2: Establish a primal error bound (i.e., Proposition 2) to quantify
the primal descent.

Intuitively, the primal error bound provides an estimate of the distance
between the current point xk+1 and the optimal solution

xr(yk, zk) = argmin
x∈X

Fr(x, yk, zk)

in terms of the iterates gap ∥xk+1 − xk∥ that results from the proximal linear
scheme.
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Equipped with the primal error bound, we can obtain the following basic
descent estimate of the Lyapunov function:

Proposition 1 (Basic descent estimate of Φr) Let

r ≥ 3L, λ ≤ 1

L
, α ≤ min

{
1

10L
,

1

4Lζ2

}
, β ≤ min

{
1

28
,

(r − L)2

14αr(2r − L)2

}
,

where ζ > 0 is the constant defined in Proposition 2. Then, for any k ≥ 0, we
have

Φk
r − Φk+1

r ≥ 3

8λ
∥xk − xk+1∥2 +

1

8α
∥yk − yk+(zk+1)∥2 +

4r

7β
∥zk − zk+1∥2

− 14rβ∥xr(y(zk+1), zk+1) − xr(yk+(zk+1), zk+1)∥2,

where Φk
r := Φr(xk, yk, zk).

The proof of Proposition 1, which is based on the primal descent, dual ascent,
and proximal descent properties, is given in Appendix B.

Now, we proceed to bound the negative term

∥xr(y(zk+1), zk+1) − xr(yk+(zk+1), zk+1)∥

in the basic descent estimate using some positive terms, so as to establish
the sufficient decrease property. To achieve this goal, we explicitly quantify
the primal-dual relationship by a dual error bound, which will allow us to
bound the primal update ∥xr(y(zk+1), zk+1)−xr(yk+(zk+1), zk+1)∥ by the dual
update ∥yk − yk+(zk+1)∥.

Step 3: Establish a dual error bound (i.e., Proposition 3) to show that
the primal and dual updates are balanced in the sense that

∥xr(y(zk+1), zk+1) − xr(yk+(zk+1), zk+1)∥ ≤ ω∥yk − yk+(zk+1)∥υ (5.1)

for some constants ω > 0 and υ > 0.

We will demonstrate later that the growth power υ in (5.1) is directly
determined by the K L exponent of the dual problem.

The dual error bound allows us to establish the global convergence rate of
smoothed PLDA. To illustrate the main idea, we consider two distinct regimes:

(a) When υ ∈ [1,∞), we can show that

∥xr(y(zk+1), zk+1) − xr(yk+(zk+1), zk+1)∥ ≤ ω∥yk − yk+(zk+1)∥υ

≤ ω · diam(Y)υ−1 · ∥yk − yk+(zk+1)∥.

Owing to the above homogeneous error bound, there exist constants
a, b, c > 0 such that

Φk
r − Φk+1

r ≥ a∥xk − xk+1∥2 + b∥yk − yk+(zk+1)∥2 + c∥zk − zk+1∥2.

Subsequently, it becomes straightforward to achieve an O(ϵ−2) iteration
complexity.
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(b) When υ ∈ (0, 1), we encounter an inhomogeneous error bound instead. If
the negative term ∥xr(y(zk+1), zk+1)−xr(yk+(zk+1), zk+1)∥ is large, then we
can still establish the sufficient decrease property by choosing a sufficiently
small β. The final iteration complexity will explicitly depend on υ.

The details of Step 3 can be found in Subsection 5.4.

5.2 Primal Error Bound

In this subsection, we establish the primal error bound property of smoothed
PLDA. Recall that for the smoothed GDA in [66], its primal error bound
property essentially follows from the standard Luo-Tseng error bound for
structured strongly convex problems [43, 69, 65]. Specifically, it is shown in
[66, Lemma B.2] that

∥xk+1 − xr(yk, zk)∥ ≤ ζ∥xk − projX (xk − λ∇xFr(xk, yk, zk)︸ ︷︷ ︸
xk+1

)∥,

where λ > 0 is the step size for primal descent and ζ > 0 is a constant.
However, in our problem setting, the primal function does not satisfy the
gradient Lipschitz continuity condition. One of our primary contributions is to
demonstrate that even so, a Lipschitz-type primal error bound still holds. The
primal error bound is crucial to establishing the sufficient decrease property of
the Lyapunov function we mentioned earlier.

Proposition 2 (Lipschitz-type primal error bound) For any k ≥ 0, we
have

∥xk+1 − xr(yk, zk)∥ ≤ ζ∥xk − xk+1∥, (5.2)

where ζ := 2(r−L)−1+(λ−1+L)−1

(λ−1+L)−1

(√
2L

λ−1+L + 1
)

.

Proof For ease of notation, we define F̂y,z(·) := Fr(·, y, z) + ιX (·) for any y ∈ Y
and z ∈ Rn. As xr(y, z) is the optimal solution of minx∈Rn F̂y,z(x) and Fr(·, y, z)
is (r − L)-strongly convex (see the remark after Fact 2 in Appendix A), we
have

F̂yk,zk(x)− F̂yk,zk(xr(yk, zk)) ≥ r − L

2
∥x− xr(yk, zk)∥2 for all x ∈ X . (5.3)

In addition, by the convexity of F̂yk,zk , we obtain

F̂yk,zk(x) − F̂yk,zk(xr(yk, zk)) ≤ dist(0, ∂F̂yk,zk(x)) · ∥x− xr(yk, zk)∥ (5.4)

for all x ∈ X . Combining (5.3) and (5.4) yields

∥x− xr(yk, zk)∥ ≤ 2

r − L
dist(0, ∂F̂yk,zk(x)) for all x ∈ X .
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By utilizing the equivalence between proximal and subdifferential error bounds
[23, Theorem 3.4], we conclude that

∥x− xr(yk, zk)∥ ≤ 2(r − L)−1 + t

t

∥∥∥x− proxtF̂
yk,zk

(x)
∥∥∥ for all t > 0, x ∈ X .

(5.5)
Now, let us examine the relationship between ∥xk+1 − xk∥ and ∥xk+1 −
proxtF̂

yk,zk
(xk+1)∥. Let φk : Rn → R ∪ {+∞} be the function defined by

φk(x) := F̂yk,zk(x) +
λ−1 + L

2
∥x− xk∥2 − λ−1 + L

2
∥x− xk+1∥2.

It is clear that for any x ∈ X ,

F̂yk,zk(x) = F (x, yk) +
r

2
∥x− zk∥2

≥ Fxk,λ(x, yk) − λ−1 + L

2
∥x− xk∥2 +

r

2
∥x− zk∥2

≥ Fxk,λ(xk+1, yk) +
λ−1 + r

2
∥x− xk+1∥2 − λ−1 + L

2
∥x− xk∥2 +

r

2
∥xk+1 − zk∥2

≥ F (xk+1, yk) +
λ−1 − L

2
∥xk − xk+1∥2 +

λ−1 + r

2
∥x− xk+1∥2

− λ−1 + L

2
∥x− xk∥2 +

r

2
∥xk+1 − zk∥2

= F̂yk,zk(xk+1) +
λ−1 − L

2
∥xk+1 − xk∥2 +

λ−1 + r

2
∥x− xk+1∥2

− λ−1 + L

2
∥x− xk∥2,

where the first and third inequalities follow from Fact 2, and the second one is
from the (λ−1 + r)-strong convexity of Fxk,λ(·, yk) + r

2∥ · −z
k∥2 on X and the

definition of xk+1. Since r > L, we see that for any x ∈ X ,

φk(x) ≥ F̂yk,zk(xk+1) +
λ−1 − L

2
∥xk+1 − xk∥2 +

r − L

2
∥x− xk+1∥2

≥ F̂yk,zk(xk+1) +
λ−1 − L

2
∥xk+1 − xk∥2.

It then follows from the definition of φk that

φk(xk+1) − inf
x∈Rn

φk(x) ≤ L∥xk+1 − xk∥2.

This, together with the definition of the proximal mapping, implies that for
any ρ > 0,

φk

(
prox 1

ρφk
(xk+1)

)
+
ρ

2
∥prox 1

ρφk
(xk+1) − xk+1∥2 ≤ φk(xk+1)

≤ inf
x∈Rn

φk(x) + L∥xk+1 − xk∥2 ≤ φk

(
prox 1

ρφk
(xk+1)

)
+ L∥xk+1 − xk∥2,
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which in turn implies that

∥ prox 1
ρφk

(xk+1) − xk+1∥ ≤

√
2L

ρ
∥xk+1 − xk∥. (5.6)

Recall that our goal is to find a relationship between ∥xk+1 − xk∥ and ∥xk+1 −
proxtF̂

yk,zk
(xk+1)∥. To do this, it suffices to relate proxtF̂

yk,zk
(xk+1) to prox 1

ρφk
(xk+1).

By definition, we have

F̂yk,zk(x) +
λ−1 + L

2
∥x− xk∥2 = φk(x) +

λ−1 + L

2
∥x− xk+1∥2,

which implies that prox 1

λ−1+L
φk

(xk+1) = prox 1

λ−1+L
F̂

yk,zk
(xk). By setting t =

(λ−1 + L)−1 in (5.5) and ρ = λ−1 + L in (5.6), we conclude that

∥xk+1 − xr(yk, zk)∥

≤ 2(r − L)−1 + (λ−1 + L)−1

(λ−1 + L)−1

∥∥∥∥xk+1 − prox 1

λ−1+L
F̂

yk,zk
(xk+1)

∥∥∥∥
≤ 2(r − L)−1 + (λ−1 + L)−1

(λ−1 + L)−1

(∥∥∥∥xk+1 − prox 1

λ−1+L
F̂

yk,zk
(xk)

∥∥∥∥+ ∥xk+1 − xk∥
)

=
2(r − L)−1 + (λ−1 + L)−1

(λ−1 + L)−1

(∥∥∥xk+1 − prox 1

λ−1+L
φk

(xk+1)
∥∥∥+ ∥xk+1 − xk∥

)
≤ 2(r − L)−1 + (λ−1 + L)−1

(λ−1 + L)−1

(√
2L

λ−1 + L
+ 1

)
∥xk+1 − xk∥,

where the second inequality is due to the nonexpansiveness of the proximal
mapping. The proof is complete. ⊔⊓

Remark 3 We can also establish the primal error bound (5.2) using [23,
Theorem 5.3 and Theorem 5.10]. However, since these two theorems are proved
using Ekeland’s variational principle, the resulting constant ζ will be larger.
Our approach to establishing (5.2) is more elementary and yields a smaller
constant ζ. It is worth noting that the constant ζ obtained in Proposition 2
plays a crucial role in controlling the step sizes for both the primal and dual
updates.

5.3 Dual Error Bound

After establishing the primal error bound and verifying the basic descent
estimate in Proposition 1 (which completes Step 2), we proceed to use the
K L exponent of the dual problem to derive a new dual error bound. Such
an error bound provides a crucial relationship between the primal and dual
updates and reveals an interesting phase transition phenomenon. Moreover,
it furnishes an effective and theoretically justified approach for balancing the
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primal and dual updates and allows us to establish the global convergence rate
of smoothed PLDA. We should point out that our use of the K L exponent
represents a marked departure from typical approaches, which only focus on
primal nonconvex optimization [3, 36].

Proposition 3 (Dual error bound with K L exponent) Suppose that As-
sumption 2 holds. Then, for any y ∈ Y and z ∈ Rn, we have

(a) (K L exponent θ = 0): ∥xr(y(z), z) − xr(y+(z), z)∥ ≤ ω1∥y − y+(z)∥,

(b) (K L exponent θ ∈ (0, 1)): ∥xr(y(z), z) − xr(y+(z), z)∥ ≤ ω2∥y − y+(z)∥ 1
2θ ,

where ω1 :=

√
2L·diam(Y)·(1+αL)

αµ
√
r−L

and ω2 :=
√
2√

r−L

(
1+αL(1+σ2)

αµ

) 1
2θ

(recall that

y+(z) = projY(y + α∇yF (xr(y, z), y)).

Proof Let ψ : Rn × R
n → R be the function defined by

ψ(x, z) = Fr(x, y(z), z).

Consider arbitrary x ∈ X , y ∈ Y , and z ∈ Rn. Note that the function ψ(·, z) is
(r − L)-strongly convex. Since

argmin
x′∈X

ψ(x′, z) = argmin
x′∈X

Fr(x′, y(z), z) = xr(y(z), z),

we see that

ψ(x, z) − ψ(xr(y(z), z), z) ≥ r − L

2
∥x− xr(y(z), z)∥2. (5.7)

In addition, we have

ψ(x, z) − ψ(xr(y(z), z), z)

≤ ψ(x, z) − Fr(xr(y+(z), z), y+(z), z)

≤ max
y′∈Y

F (x, y′) +
r

2
∥x− z∥2 − Fr(xr(y+(z), z), y+(z), z)

= max
y′∈Y

F (x, y′) − F (xr(y+(z), z), y+(z)) +
r

2
∥x− z∥2 − r

2
∥xr(y+(z), z) − z∥2,

(5.8)

where the first inequality follows from

Fr(xr(y+(z), z), y+(z), z) = min
x′∈X

{
F (x′, y+(z)) +

r

2
∥x′ − z∥2

}
≤ max

y′∈Y
min
x′∈X

{
F (x′, y′) +

r

2
∥x′ − z∥2

}
= min

x′∈X

{
F (x′, y(z)) +

r

2
∥x′ − z∥2

}
= min

x′∈X
ψ(x′, z) = ψ(xr(y(z), z), z).
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As (5.7) and (5.8) hold for any x ∈ X , we obtain the intermediate relation

r − L

2
∥xr(y(z), z) − xr(y+(z), z)∥2

≤ max
y′∈Y

F (xr(y+(z), z), y′) − F (xr(y+(z), z), y+(z))
(5.9)

by taking x = xr(y+(z), z).
Now, we utilize the K L exponent θ of the dual problem to bound the

right-hand side of (5.9) in terms of ∥y − y+(z)∥. Consider the following two
cases:

(a) Suppose that θ = 0. If F (xr(y+(z), z), y+(z)) = maxy′∈Y F (xr(y+(z), z), y′),
then the desired inequality follows trivially from (5.9). Otherwise, we have
y+(z) ∈ Y \ Y⋆(xr(y+(z), z)). By Assumption 2, we have

dist(0,−∇yF (xr(y+(z), z), y+(z)) + ∂ιY(y+(z))) ≥ µ.

Since F (x, ·) is continuously differentiable on the compact set Y , ∥∇yF (x, ·)∥
is bounded on Y . Without loss of generality, we can assume that ∥∇yF (x, ·)∥ ≤
L on Y. According to the mean value theorem, we have

max
y′∈Y

F (xr(y+(z), z), y′) − F (xr(y+(z), z), y+(z)) ≤ L · diam(Y).

Using the fact that y+(z) = projY(y + α∇yF (xr(y, z), y)), we bound

max
y′∈Y

F (xr(y+(z), z), y′) − F (xr(y+(z), z), y+(z))

≤ L · diam(Y)

µ2
· dist2(0,−∇yF (xr(y+(z), z), y+(z)) + ∂ιY(y+(z)))

≤ Lb2 · diam(Y)

µ2
∥y+(z) − y∥2,

where b := 1
α + L > 0 and the last inequality is due to the fact that

the projected gradient ascent method satisfies the so-called relative error
condition [3, Section 5]. It follows that

∥xr(y(z), z) − xr(y+(z), z)∥ ≤
√

2L · diam(Y) · (1 + αL)

αµ
√
r − L

∥y − y+(z)∥.

(b) If θ ∈ (0, 1), then we have

µ

(
max
y′∈Y

F (xr(y+(z), z), y′) − F (xr(y+(z), z), y+(z))

)θ

≤ dist(0,−∇yF (xr(y+(z), z), y+(z)) + ∂ιY(y+(z)))

≤ dist(0,−∇yF (xr(y, z), y+(z)) + ∂ιY(y+(z)))

+ ∥∇yF (xr(y, z), y+(z)) −∇yF (xr(y+(z), z), y+(z))∥
≤ dist(0,−∇yF (xr(y, z), y+(z)) + ∂ιY(y+(z))) + Lσ2∥y − y+(z)∥
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≤
(

1

α
+ L+ Lσ2

)
∥y+(z) − y∥,

where the third inequality follows from the L-Lipschitz continuity of
∇yF (·, ·) and (A.3); the last inequality follows from the relative error
condition of the projected gradient ascent method. This, together with
(5.9), yields

∥xr(y(z), z)−xr(y+(z), z)∥ ≤
√

2√
r − L

(
1 + αL(1 + σ2)

αµ

) 1
2θ

∥y−y+(z)∥ 1
2θ .

The proof is complete. ⊔⊓
The dual error bound in Proposition 3 involves the primal-dual quantity

xr(·, z). As the following corollary shows, one can also derive an alternative
dual error bound that involves the pure primal quantity x⋆r(z). Since x⋆r(z) is
the proximal mapping of 1

rf + ιX at z ∈ Rn, the alternative dual error bound
is closely related to the optimization-stationarity measure. As we shall see,
such an error bound plays a crucial role in establishing not only the iteration
complexity of smoothed PLDA for finding an OS of problem (P) (see Theorem
1) but also a quantitative relationship between the optimization-stationarity
and game-stationarity measures (see Section 7).

Corollary 1 (Alternative dual error bound with K L exponent) Suppose
that Assumption 2 holds. Then, for any y ∈ Y and z ∈ Rn, we have

(a) (K L exponent θ = 0): ∥x⋆r(z) − xr(y+(z), z)∥ ≤ ω1∥y − y+(z)∥,

(b) (K L exponent θ ∈ (0, 1)): ∥x⋆r(z) − xr(y+(z), z)∥ ≤ ω2∥y − y+(z)∥ 1
2θ .

The ideas of the proof of Corollary 1 are similar to those of Proposition 3.
The main difference lies in the definition of ψ, which needs to be modified as
follows:

ψ(x, z) = max
y∈Y

Fr(x, y, z).

We refer the reader to Appendix C for details.

Remark 4 (i) Our results extend those in [63] to a more general setting,
where the primal function is nonsmooth and the dual problem possesses the K L
property with exponent taking any value in [0, 1). In particular, this covers the
case where there are constraints on the dual variable. More importantly, all
the existing techniques cannot handle the nonsmooth structure of the primal
function. Our generalization provides a deeper understanding of the relationship
between the primal and dual updates and serves as a useful tool for studying
various stationarity measures in Section 7. (ii) In the concave case where
Assumption 2 is not satisfied, one can establish a similar dual error bound with
θ = 1 and ω being related to diam(Y); see Lemma 8 in Appendix D. (iii) The
dual error bound developed in this paper can potentially be applied to study the
convergence rates of other algorithms for minimax optimization, making it a
valuable contribution in its own right.
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5.4 Iteration Complexity of Smoothed PLDA

To establish the main theorem, we first develop the following lemma, which
establishes a connection between various iterates gaps and the game-stationarity
measure.

Lemma 1 Let ϵ ≥ 0 be given. Suppose that

max
{
∥xk+1 − xk∥, ∥yk+(zk+1) − yk∥, ∥xk+1 − zk∥

}
≤ ϵ.

Then,
(
xk+1, yk+1

)
is a ρϵ-GS of problem (P), where

ρ = max

{
(η + 1 + σ1αβL)

(
1

α
+ L

)
, r(ζ + σ2(η + 1 + σ1αβL) + σ1)

}
with σ1 := r

r−L and σ2 := 2r−L
r−L .

Proof By Definition 1, we only have to quantify ∥∇zdr(yk+1, xk+1)∥ and
dist(0,−∇yF (xk+1, yk+1) + ∂ιY(yk+1)). To begin, observe that

∥∇zdr(yk+1, xk+1)∥
= r∥xk+1 − xr(yk+1, xk+1)∥
≤ r(∥xk+1 − xr(yk, zk)∥ + ∥xr(yk, zk) − xr(yk+1, zk)∥)

+ r∥xr(yk+1, zk) − xr(yk+1, xk+1)∥
≤ r

(
ζ∥xk+1 − xk∥ + σ2∥yk − yk+1∥ + σ1∥xk+1 − zk∥

)
≤ r

(
ζ∥xk+1 − xk∥ + σ1∥xk+1 − zk∥

)
+ rσ2(η∥xk+1 − xk∥ + σ1αL∥zk+1 − zk∥ + ∥yk+(zk+1) − yk∥)

≤ r(ζ + σ2(η + 1 + σ1αβL) + σ1)ϵ,

where the second inequality is due to Proposition 2 and Lemma 2, the third is
due to Lemma 4, and the fourth follows from the update zk+1 = zk +β(xk+1−
xk) and the assumption of the lemma. Next, recall that

yk+1 = projY
(
yk + α∇yF (xk+1, yk)

)
= argmin

y∈Y

{
∥y − yk − α∇yF (xk+1, yk)∥2

}
.

The necessary optimality condition yields

0 ∈ yk+1 − yk − α∇yF (xk+1, yk) + ∂ιY(yk+1)

= yk+1 − yk − α∇yF (xk+1, yk+1) + ∂ιY(yk+1)

+ α(∇yF (xk+1, yk+1) −∇yF (xk+1, yk)).

Since ∂ιY(yk+1) is the normal cone to Y at yk+1, we have

v := − 1

α
(yk+1 − yk) + ∇yF (xk+1, yk) −∇yF (xk+1, yk+1)

∈ −∇yF (xk+1, yk+1) + ∂ιY(yk+1).
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It follows that

∥v∥ ≤
(

1

α
+ L

)
∥yk+1 − yk∥

≤
(

1

α
+ L

)(
η∥xk − xk+1∥ + σ1αL∥zk+1 − zk∥ + ∥yk+(zk+1) − yk∥

)
≤ (η + 1 + σ1αβL)

(
1

α
+ L

)
ϵ,

where the first inequality is due to the L-Lipschitz continuity of ∇yF (·, ·) and
the second is due to Lemma 4. Putting everything together yields the desired
result. ⊔⊓

With the help of Propositions 1, 2, 3, and Lemma 1, we are now ready to
develop the main theorem, which gives the iteration complexity of smoothed
PLDA under various settings.

Theorem 1 (Main theorem) Under the setting of Proposition 1, for any
integer K > 0, there exists an index k ∈ {1, 2, . . . ,K} such that the following
hold:

(a) (Concave): Suppose that F (x, ·) is concave for all x ∈ X . If maxy∈Y F (·, y)

is bounded below on X and β ≤ O(K− 1
2 ), then

(
xk+1, yk+1

)
is an O(K− 1

4 )-

GS and zk+1 is an O(K− 1
4 )-OS of problem (P).

(b) (K L exponent θ ∈ ( 12 , 1)): Suppose that Assumption 2 holds with θ ∈ ( 12 , 1).

If X is compact and β ≤ O(K− 2θ−1
2θ ), then

(
xk+1, yk+1

)
is an O(K− 1

4θ )-GS

and zk+1 is an O(K− 1
4θ )-OS of problem (P).

(c) (K L exponent θ ∈ [0, 12 ]): Suppose that Assumption 2 holds with θ ∈ [0, 12 ].

If X is compact and β ≤ diam(Y)
2θ−1

θ

224αrω2
2

when θ ∈ (0, 12 ] (resp., β ≤ 1
224αrω2

1

when θ = 0), then
(
xk+1, yk+1

)
is an O(K− 1

2 )-GS and zk+1 is an O(K− 1
2 )-

OS of problem (P).

Remark 5 (i) Note that concavity alone is not sufficient to guarantee the K L
property. An example can be found in [10, Theorem 36]. Therefore, in Theorem
1, we need to treat the concave case separately. (ii) When the dual function
is concave, the results in cases (b) and (c) of Theorem 1 remain valid under
the weaker assumption that the K L property holds locally around any GS of
problem (P), cf. Assumption 2. The proof follows that in [66] and is omitted
here. (iii) The compactness assumption on X implies that pr is bounded below.
For the case where the dual function is concave, we can relax this assumption
to that of the lower boundedness of maxy∈Y F (·, y) on X . The latter allows for
the possibility that X is unbounded and is in line with the assumptions made
in the literature on smooth nonconvex-concave minimax optimization; see, e.g.,
[66] and [63].

Remark 6 For smooth nonconvex-concave problems, the work [40] introduces
a two-timescale GDA algorithm that computes an ϵ-OS with an iteration com-
plexity of O(ϵ−6). Such an ϵ-OS can then be converted into an ϵ-GS with an
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additional cost of O(ϵ−2) (depending on the specific algorithm employed). By
contrast, Theorem 1 shows that smoothed PLDA can find both an ϵ-GS and
an ϵ-OS of a structured nonsmooth nonconvex-concave problem with the same
iteration complexity of O(ϵ−4). Furthermore, when the dual problem satisfies the
K L property with exponent θ ∈ [0, 12 ], smoothed PLDA has the optimal iteration
complexity of O(ϵ−2) for finding both an ϵ-GS and an ϵ-OS; see Footnote 1.

Proof As mentioned in Section 5.1, the global convergence rate of smoothed
PLDA depends on the specific regime of the growth power v in (5.1). Let us
begin by considering cases (a) and (b), i.e., either the dual function is concave
or the dual problem possesses the K L property with exponent θ ∈ ( 1

2 , 1).
In view of the basic descent estimate in Proposition 1, we consider the

following two scenarios separately:
(1) There exists a k ∈ {0, 1, . . . ,K − 1} such that

1

2
max

{
3

8λ
∥xk − xk+1∥2, 1

8α
∥yk − yk+(zk+1)∥2, 4r

7β
∥zk − zk+1∥2

}
≤ 14rβ∥xr(y(zk+1), zk+1) − xr(yk+(zk+1), zk+1)∥2.

(2) For any k ∈ {0, 1, . . . ,K − 1}, we have

1

2
max

{
3

8λ
∥xk − xk+1∥2, 1

8α
∥yk − yk+(zk+1)∥2, 4r

7β
∥zk − zk+1∥2

}
≥ 14rβ∥xr(y(zk+1), zk+1) − xr(yk+(zk+1), zk+1)∥2.

Scenario (1). For the case where the K L exponent θ ∈ ( 1
2 , 1), we deduce

from Proposition 3(b) that

∥yk − yk+(zk+1)∥2 ≤ 224rαβ∥xr(y(zk+1), zk+1) − xr(yk+(zk+1), zk+1)∥2

≤ 224rαβω2
2∥yk − yk+(zk+1)∥ 1

θ ,

which gives ∥yk−yk+(zk+1)∥ ≤ ρ1β
θ

2θ−1 with ρ1 := (224rαω2
2)

θ
2θ−1 . Additionally,

using the update zk+1 = zk + β(xk+1 − zk) and Proposition 3(b), we have

∥xk+1 − zk∥2 =
1

β2
∥zk+1 − zk∥2

≤ 49∥xr(y(zk+1), zk+1) − xr(yk+(zk+1), zk+1)∥2

≤ 49ω2
2∥yk − yk+(zk+1)∥ 1

θ ≤ ρ22β
1

2θ−1 ,

where ρ2 :=

√
49ω2

2ρ
1
θ
1 . Lastly, we have

∥xk+1 − xk∥2 ≤ 224

3
rβλ∥xr(y(zk+1), zk+1) − xr(yk+(zk+1), zk+1)∥2

≤ 224

3
rω2

2βλ∥yk − yk+(zk+1)∥ 1
θ ≤ ρ23β

2θ
2θ−1 ,
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where ρ3 :=

√
224
3 rω2

2λρ
1
θ
1 . Combining the above inequalities, we have

max
{
∥xk − xk+1∥, ∥yk − yk+(zk+1)∥, ∥zk − xk+1∥

}
≤ max

{
ρ1β

θ
2θ−1 , ρ2β

1
4θ−2 , ρ3β

θ
2θ−1

}
.

It then follows from Lemma 1 that
(
xk+1, yk+1

)
is a ρ · max{ρ1βθ/(2θ−1),

ρ2β
1/(4θ−2), ρ3β

θ/(2θ−1)}-GS of problem (P).
For the concave case, we can replace the primal-dual quantity xr(y(zk+1), zk+1)

by the primal quantity x⋆r(zk+1) on the right-hand side of the inequality for
Scenario (1) and apply Lemma 8 in Appendix D (so that θ and ω2 are replaced
by 1 and κ = 1+αLσ2+αL

α(r−L) ·diam(Y), respectively) to conclude that
(
xk+1, yk+1

)
is a max{ρ1β, ρ2β1/2, ρ3β}-GS of problem (P).

Furthermore, observe that for the case where θ ∈ ( 1
2 , 1), the optimization-

stationarity measure of zk+1 satisfies

∥zk+1 − x⋆r(zk+1)∥
≤ ∥zk+1 − xk+1∥ + ∥xk+1 − xr(yk, zk)∥ + ∥xr(yk, zk) − xr(yk, zk+1)∥

+ ∥xr(yk, zk+1) − xr(yk+(zk+1), zk+1)∥ + ∥xr(yk+(zk+1), zk+1) − x⋆r(zk+1)∥
≤ (1 + σ1)∥zk − xk+1∥ + ζ∥xk − xk+1∥ + σ2∥yk − yk+(zk+1)∥

+ ω2∥yk − yk+(zk+1)∥ 1
2θ

≤ max
{(
ρ2(1 + σ1) + ω2ρ

1
2θ
1

)
β

1
4θ−2 , (ζρ3 + σ2ρ1)β

θ
2θ−1

}
,

(5.10)
where the second inequality follows from the update zk+1 = zk + β(xk+1 − zk),
Proposition 2, Corollary 1, Lemma 2, and the fact that 0 < β ≤ 1

28 . It is
evident that the dependence on β is identical to that of the game-stationarity
measure of (xk+1, yk+1). For the concave case, the optimization-stationarity
measure of zk+1 can be bounded similarly.

Scenario (2). Proposition 1 implies that for any k ∈ {0, 1, . . . ,K − 1}, we
have

Φk
r − Φk+1

r ≥ 3

16λ
∥xk − xk+1∥2 +

1

16α
∥yk − yk+(zk+1)∥2 +

2r

7β
∥zk − zk+1∥2.

(5.11)

The assumptions in case (a) imply that

min
x∈X

max
y∈Y

Fr(x, y, z) = max
y∈Y

min
x∈X

Fr(x, y, z)

for all z ∈ R
n (cf. the proof of [66, Lemma B.7]) and lead to the lower

boundedness of pr, while the assumptions in case (b) directly imply that pr is
lower bounded. In both cases, there exists a Φ > −∞ such that for all x ∈ X ,
y ∈ Y, and z ∈ Rn,

Φr(x, y, z)
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= pr(z) + (Fr(x, y, z) − dr(y, z)) + (pr(z) − dr(y, z)) ≥ pr(z) ≥ Φ > −∞.

It follows that

Φ0
r − Φ ≥

K−1∑
k=0

Φr(xk, yk, zk) − Φr(xk+1, yk+1, zk+1)

≥
K−1∑
k=0

min

{
3

16λ
,

1

16α
,

2βr

7

}(
∥xk − xk+1∥2 + ∥yk − yk+(zk+1)∥2 + ∥zk − xk+1∥2

)
,

where the last inequality is due to (5.11) and the update zk+1 = zk +β(xk+1−
zk). In particular, there exists a k ∈ {0, 1, . . . ,K − 1} such that

max
{
∥xk − xk+1∥2, ∥yk − yk+(zk+1)∥2, ∥xk+1 − zk∥2

}
≤ Φ0

r − Φ

min
{

3
16λ ,

1
16α ,

2βr
7

}
K
.

Based on Lemma 1 and the fact that 0 < β ≤ 1
28 , we conclude that

(
xk+1, yk+1

)
is an O(

√
1/Kβ)-GS of problem (P). Moreover, by using the same argument

as in (5.10), we can show that zk+1 is an O(
√

1/Kβ)-OS of problem (P).

Upon setting β = CK− 1
2 for the concave case and β = CK− 2θ−1

2θ for the case
where the K L exponent θ ∈ ( 1

2 , 1), with C being a suitably chosen constant,
we see that the bounds obtained for the optimization-stationarity and game-
stationarity measures are of the same order for both Scenarios (1) and (2).
This establishes cases (a) and (b).

Next, let us consider case (c). First, suppose that the K L exponent θ ∈ (0, 12 ].
Once again, we can use Proposition 1 to obtain

Φk
r − Φk+1

r ≥ 3

8λ
∥xk − xk+1∥2 +

1

8α
∥yk − yk+(zk+1)∥2 +

4r

7β
∥zk − zk+1∥2

− 14rβ∥xr(y(zk+1), zk+1) − xr(yk+(zk+1), zk+1)∥2.

Using Proposition 3(b) and the boundedness of Y, we have

∥xr(y(zk+1), zk+1) − xr(yk+(zk+1), zk+1)∥

≤ ω2∥yk − yk+(zk+1)∥ 1
2θ

= ω2∥yk − yk+(zk+1)∥ 1
2θ−1∥yk − yk+(zk+1)∥

≤ ω2 · diam(Y)
1
2θ−1 · ∥yk − yk+(zk+1)∥. (5.12)

It follows that

Φk
r − Φk+1

r ≥ 3

8λ
∥xk − xk+1∥2 +

(
1

8α
− 14rβω2

2 · diam(Y)
1−2θ

θ

)
∥yk − yk+(zk+1)∥2

+
4r

7β
∥zk − zk+1∥2.
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Since β ≤ diam(Y)
2θ−1

θ

224αrω2
2

, we have

Φk
r − Φk+1

r ≥ 3

8λ
∥xk − xk+1∥2 +

1

16α
∥yk − yk+(zk+1)∥2 +

4r

7β
∥zk − zk+1∥2.

The desired result can then be obtained by following a similar argument as
that in the paragraph proceeding (5.11).

When the K L exponent θ = 0, we can apply Proposition 3(a) to derive
the inequality (5.12) with θ and ω2 being replaced by 1

2 and ω1, respectively.
The desired result then follows by adapting the argument in the preceding
paragraph. ⊔⊓

5.5 Phase Transition Phenomenon

Theorem 1 shows that smoothed PLDA achieves the optimal iteration com-
plexity of O(ϵ−2) when the K L exponent of the dual problem lies in [0, 12 ].
What is more, it reveals a surprising phase transition phenomenon at the
boundary θ = 1

2 , where the iteration complexity of the method changes. Such
a phenomenon can be explained using the dual error bound we developed in
Proposition 3, which characterizes the inherent tradeoff between the primal and
dual updates. Indeed, such an error bound aims to control the negative term
in the basic descent estimate in Proposition 1. The “degree” of this control
depends on the K L exponent of the dual problem, which decides the final
iteration complexity of our method. Let us consider the two regimes separately.

1. When θ ∈ (0, 12 ], the primal update dominates the optimization process as
the dual problem is already nice enough. Conceptually, since the primal
update still requires the solution of a strongly convex problem, we cannot
surpass the optimal iteration complexity of O(ϵ−2). Quantitatively, the
dual update yields a faster decrease in the Lyapunov function value than
the primal one, as we have

∥xr(y(z), z) − xr(y+(z), z)∥ ≤ ω2∥y − y+(z)∥ 1
2θ .

Thus, the main bottleneck in the basic descent estimate is the three positive
quantities, and we are only able to achieve an iteration complexity of O(ϵ−2)
by using the following sufficient decrease inequality:

Φk
r − Φk+1

r = Ω
(
∥xk − xk+1∥2 + ∥yk − yk+(zk+1)∥2 + ∥zk − zk+1∥2

)
.

2. When θ ∈ ( 12 , 1), the dual update dominates the optimization process. This
is because the growth condition of the dual problem is worse compared to
that of the strongly convex function in the primal update. Quantitatively,
the dual update yields a slower decrease in the Lyapunov function value
than the primal one. When we incorporate the dual error bound into the
basic descent estimate, it becomes evident that the main challenge lies in
managing the quantity ∥yk − yk+(zk+1)∥ 1

θ . In order to effectively balance
the three positive quantities in the basic descent estimate, it is necessary
to optimally set β = O(ϵ4θ) in our proof of Theorem 1.
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The underlying insight of the aforementioned phase transition phenomenon
is that the overall iteration complexity of smoothed PLDA is determined by
the slower of the primal and dual updates. As we have previously discussed, the
dual error bound in Proposition 3 offers an effective and theoretically justified
approach for balancing the primal and dual updates. It is thus natural to ask
whether the primal-dual relationship within our dual error bound is optimal or
not.

While a complete answer to this question remains elusive, we now show that
an approach different from the one we used in Section 5.3 will lead to a dual
error bound that gives suboptimal iteration complexity results. By Lemma 2
in Appendix A, we know that

∥xr(y(z), z) − xr(y+(z), z)∥ ≤ σ2∥y(z) − y+(z)∥ (5.13)

for any z ∈ Rn (recall that y(z) ∈ argmaxy∈Y dr(y, z) and y+(z) = projY(y +
α∇yF (xr(y, z), y))). This suggests that one may obtain a dual error bound
by relating ∥y(z) − y+(z)∥ to ∥y − y+(z)∥ for any y ∈ Y. To implement this
approach, we develop the following new K L calculus rule for the max operator,
which is motivated by the definition of y(z) and could be of independent
interest.

Proposition 4 (K L exponent of max operator) Suppose that Assumption
2 holds. Then, for any z ∈ Rn, the function −dr(·, z) + ιY(·) possesses the K L
property with exponent θ. Specifically, for any y ∈ Y and z ∈ Rn, we have

dist(0,−∇ydr(y, z) + ∂ιY(y)) ≥ µ

(
max
y′∈Y

dr(y′, z) − dr(y, z)

)θ

.

Proof Let y ∈ Y and z ∈ Rn be arbitrary. We bound

dist(0,−∇ydr(y, z) + ∂ιY(y))

= dist(0,−∇yFr(xr(y, z), y, z) + ∂ιY(y))

≥ µ

(
max
y′∈Y

F (xr(y, z), y′) − F (xr(y, z), y)

)θ

= µ

(
max
y′∈Y

F (xr(y, z), y′) +
r

2
∥xr(y, z) − z∥2 − dr(y, z)

)θ

≥ µ

(
max
y′∈Y

min
x∈X

{
F (x, y′) +

r

2
∥x− z∥2

}
− dr(y, z)

)θ

= µ

(
max
y′∈Y

dr(y′, z) − dr(y, z)

)θ

,

where the first equality holds due to the strong concavity of −Fr(·, y, z) and
[56, Theorem 10.31], the first inequality follows directly from Assumption 2 by
taking x = xr(y, z), and the second equality follows from the fact that

dr(y, z) = min
x∈X

{
F (x, y) +

r

2
∥x− z∥2

}
= F (xr(y, z), y) +

r

2
∥xr(y, z) − z∥2.
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The proof is then complete. ⊔⊓
To proceed, we make use of [22, Theorem 3.7], which connects the K L prop-

erty and the slope error bound. Specifically, let y ∈ Y and z ∈ Rn be arbitrary.
By Lemma 3 in Appendix A, the function dr(·, z) is differentiable. Thus, the
Fréchet and limiting subdifferentials of the function −dr(·, z) + ιY(·) coincide
(see, e.g., [38]), and the slope of this function equals dist(0,−∇ydr(·, z)+∂ιY(·))
(see, e.g., [22]). Consequently, we can apply Proposition 4, [22, Theorem 3.7],
and the relative error condition of the projected gradient ascent method to get

dist(y+(z), Y (z)) = O
(

dist
1−θ
θ (0,−∇ydr(y+(z), z) + ∂ιY(y+(z))

)
= O

(
∥y − y+(z)∥

1−θ
θ

)
.

(5.14)

Combining (5.14) with (5.13) yields the bound

∥xr(y(z), z) − xr(y+(z), z)∥ = O
(
∥y − y+(z)∥

1−θ
θ

)
,

which we shall refer to as the pure dual error bound.

Let us now compare the exponents of the dual error bound in Proposition
3 and the pure dual error bound; see Figure 1. When θ ∈ ( 1

2 , 1), the exponent
of the former is smaller; when θ ∈ (0, 12 ], the opposite is true. However, as we
have noted earlier, the exponent of the dual error bound does not affect the
final iteration complexity when θ ∈ (0, 12 ], as the primal update dominates
the optimization process. Thus, we see that for the purpose of studying the
iteration complexity of smoothed PLDA, the pure dual error bound is inferior
to the dual error bound in Proposition 3.

Fig. 1: Comparison between the dual error bound (Proposition 3) and the pure
dual error bound.



Primal-Dual Balancing in Nonsmooth NC-NC Minimax Optimization 27

6 Verification of K L Property

As we have seen from the last section, the K L property (Assumption 2) is crucial
to establishing the iteration complexity of our proposed smoothed PLDA. In
this section, we show that Assumption 2 holds when the dual function is linear,
i.e., problem (P) takes the form

min
x∈X

max
y∈Y

{
F (x, y) = y⊤G(x)

}
, (6.1)

where G : Rn → R
d is an arbitrary mapping and Y (assumed to be nonempty)

is a polytope defined by

Y = {y ∈ Rd : a⊤i y ≤ bi, i ∈ [l]},

with l ∈ N and ai ∈ Rd, bi ∈ R for i ∈ [l].

Theorem 2 (K L exponent of linear dual problem) Consider problem (6.1).
Suppose there exists a δ > 0 such that for any x ∈ X and y⋆(x) ∈ argmaxy∈Y y

⊤G(x),

we have λi(x) ≥ δ for all i ∈ I(x), where I(x) = {i : a⊤i y
⋆(x) = bi} ⊆ [l] is the

active index set and λi(x) is the dual variable associated with the constraint
a⊤i y − bi ≤ 0 for i ∈ [l]. Then, Assumption 2 holds with θ = 0.

Proof Our goal is to show that there exists a µ > 0 satisfying

dist(0,−G(x) + ∂ιY(y)) ≥ µ for all x ∈ X , y ∈ Y \ Y⋆(x),

where Y⋆(x) = argmaxy′∈Y F (x, y′) = {y ∈ Y : maxy′∈Y F (x, y′) ≤ F (x, y)}.
In view of the equivalence between the weak sharp minimum property and
the K L property with exponent θ = 0 for convex functions [11, Theorem 5], it
suffices to show that

µ · dist (y,Y⋆(x)) ≤ max
y′∈Y

F (x, y′) − F (x, y) for all x ∈ X , y ∈ Y.

Towards that end, let x ∈ X be arbitrary and consider the following linear
programming problem:

max
y′∈Rd

F (x, y′)

s. t. a⊤i y
′ − bi ≤ 0, i ∈ [l].

(6.2)

For any ȳ ∈ Y⋆(x), using the KKT condition of (6.2), we can find λi(x) ≥ 0
for i ∈ [l] such that −G(x) +

∑l
i=1 λi(x)ai = 0,

λi(x) · (a⊤i ȳ − bi) = 0, i ∈ [l].
(6.3)

Moreover, if we let L(x) :=
{
y′ ∈ Rd : (λi(x)ai)

⊤y′ = λi(x)bi, i ∈ [l]
}

, then
Y ∩ L(x) = Y⋆(x).
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Now, observe that as x varies over X , there are at most 2l different sets of
active constraints in problem (6.2). This, together with the complementarity
condition in (6.3), implies that there are at most 2l different polyhedra in the
set {L(x) : x ∈ X}. Thus, by the linear regularity property of polyhedral sets
[6, Corollary 5.26], there exists an absolute constant γ0 > 0 such that for all
y ∈ Y,

dist(y,Y⋆(x)) = dist(y,Y ∩ L(x)) ≤ γ0 · dist(y,L(x)). (6.4)

Similarly, by Hoffman’s error bound [28], there exists an absolute constant
γ1 > 0 such that for all y ∈ Y,

dist(y,L(x)) ≤ γ1 ·
∑

λi(x)>0

∣∣a⊤i y − bi
∣∣

= γ1 ·
∑

λi(x)>0

1

λi(x)

∣∣λi(x) · (a⊤i y − bi)
∣∣ . (6.5)

Since λi(x) ≥ δ if λi(x) ̸= 0 by assumption, we get from (6.4) and (6.5) that

dist (y,Y⋆(x)) ≤ γ

δ
·

l∑
i=1

|λi(x) · (a⊤i y − bi)|, (6.6)

where γ := γ0γ1. In addition, we have

l∑
i=1

|λi(x) · (a⊤i y − bi)| = −
l∑

i=1

λi(x) · (a⊤i y − bi)

= − y⊤G(x) +

l∑
i=1

λi(x) · a⊤i ȳ = −F (x, y) + max
y′∈Y

F (x, y′),

(6.7)

where the second and last equalities follow from (6.3). Putting (6.6) and (6.7)
together yields

µ · dist (y,Y⋆(x)) ≤ max
y′∈Y

F (x, y′) − F (x, y)

for all y ∈ Y, where µ = δ
γ . The proof is then complete. ⊔⊓

Corollary 3 (Max-structured problem) Consider problem (6.1), where

Y = {y ∈ R
d :
∑d

i=1 yi = 1, y ≥ 0} is the standard simplex. Suppose there
exists a δ > 0 such that for all x ∈ X and j ∈ I(x),

max
i∈[d]

Gi(x) ≥ Gj(x) + δ. (6.8)

Then, Assumption 2 holds with θ = 0.
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Proof Let x ∈ X and y⋆(x) ∈ argmaxy∈Y y
⊤G(x) be arbitrary. Since Y is the

standard simplex, the KKT condition (6.3) implies that

G(x) = (u(x) − λ1(x), . . . , u(x) − λd(x)),

where λi(x) ≥ 0 (resp., u(x) ∈ R) is the dual variable associated with the

constraint yi ≥ 0 for i ∈ [d] (resp.,
∑d

i=1 yi = 1). If y⋆i (x) > 0 for some i ∈ [d],
then λi(x) = 0, which implies that maxi∈[d]Gi(x) = u(x). On the other hand,
condition (6.8) implies that for any j ∈ [d] with y⋆j (x) = 0, we have

λj(x) = u(x) − (u(x) − λj(x)) = max
i∈[d]

Gi(x) −Gj(x) ≥ δ.

Therefore, by applying Theorem 2, we conclude that problem (6.1) satisfies
Assumption 2 with θ = 0. ⊔⊓

Remark 7 (i) The results in Theorem 2 and Corollary 3, which require mini-
mal assumption on the mapping G, concern the K L exponent of problem (6.1)
and do not depend on the algorithm used to solve the problem. However, if we
are interested in solving problem (6.1) using our smoothed PLDA algorithm,
then the mapping G needs to possess additional structure, so that the objective
function F satisfies Assumption 1. In particular, if Y is an arbitrary polytope,
then the mapping G should be continuously differentiable and have a Lipschitz
continuous Jacobian. If Y is the standard simplex (which is the case in the
max-structured problem), then the mapping G can take the more general form
G(x) = (h1(c1(x)), . . . , hd(cd(x))), where hi : Rm → R is convex Lipschitz
and ci : Rn → R

m is continuously differentiable with a Lipschitz continuous
Jacobian for i ∈ [d]. (ii) If the assumptions in Theorem 2 and Corollary 3
hold only locally around every GS of problem (6.1), then it is still possible to
show that Assumption 2 holds with θ = 0 locally around every GS of problem
(6.1). Such a local property is already sufficient to yield a convergence rate
guarantee similar to that in Theorem 1 for smoothed PLDA when applied to
problem (6.1); cf. Remark 5(ii). (iii) The work [66] establishes a dual error
bound for the max-structured problem under the assumptions that the primal
function satisfies the gradient Lipschitz continuity condition and certain strict
complementarity condition (see [66, Assumption 3.5]) holds. It can be shown
that the latter implies condition (6.8) in Corollary 3. However, it should be
noted that the proof technique used in [66] cannot be extended to the nonsmooth,
possibly even discontinuous, setting considered here.

7 Quantitative Relationships among Different Stationarity Concepts

A fundamental question in the study of minimax optimization is how to
define the concept of stationarity. One approach is to consider various natural
optimality conditions of the minimax problem and extract from them the
corresponding stationarity concepts. In the nonconvex-nonconcave setting, the
different stationarity concepts obtained via this approach may not coincide,
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and their relationships are still not well understood. In this section, we aim to
elucidate the relationships among several well-known stationarity concepts for
problem (P). Interestingly, the dual error bound we developed in Corollary 1
plays an important role in obtaining our results.

To begin, let us consider the following exact stationarity concepts for
problem (P):

Definition 2 (see, e.g., [33, 54]) The point (x⋆, y⋆) ∈ X × Y is called a

(a) minimax point (MM) of problem (P) if

F (x⋆, y) ≤ F (x⋆, y⋆) ≤ max
y′∈Y

F (x, y′) for any (x, y) ∈ X × Y;

(b) game-stationary point (GS) of problem (P) if

0 ∈ ∂xF (x⋆, y⋆) + ∂ιX (x⋆) and 0 ∈ −∇yF (x⋆, y⋆) + ∂ιY(y⋆).

Furthermore, the point x⋆ ∈ X is called an

(c) optimization-stationary point (OS) of problem (P) if

0 ∈ ∂(f + ιX )(x⋆) = ∂

(
max
y∈Y

F (·, y) + ιX

)
(x⋆).

The extreme value theorem guarantees the existence of an MM when X
is compact, even if F (·, ·) is nonconvex-nonconcave. In addition, the weak
convexity of F (·, y) and −F (x, ·) for any x ∈ X and y ∈ Y ensures the
existence of a GS [50, Proposition 4.2]. However, it is worth noting that finding
an MM of a nonconvex-nonconcave optimization problem is hard, as it includes
the task of finding a global maximum of a nonconcave function as special
case. Also, since most applications in machine learning, such as GANs and
adversarial training, involve sequential games, the optimization-stationarity
concept may be more attractive.

While the above definition of OS is standard, it only characterizes the
primal variable x. As such, the concept of OS is not directly comparable to
that of MM or GS. To circumvent this difficulty, we introduce the concept of
an extended OS (eOS). Specifically, the point (x⋆, y⋆) ∈ X × Y is called an
eOS of problem (P) if x⋆ is an OS and F (x⋆, y) ≤ F (x⋆, y⋆) for any y ∈ Y.
From Definition 2, we can immediately conclude that every MM is an eOS.
To gain some intuition on the possible relationships among the three types of
stationarity points MM, GS, and eOS, it is instructive to consider the following
example.

Example 1 The following instances of problem (P) give rise to the relation-
ships among MM, GS, and eOS shown in Figure 2.

(a) If F (x, y) = x3 − 2xy − y2 and X × Y = [−1, 1] × [−1, 1], then

MM = {(−1, 1), (0, 0)} , GS = eOS =

{
(−1, 1),

(
−2

3
,

2

3

)
, (0, 0)

}
.
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MMGSeOS

(a)

MMGS

eOS

(b) (c)

GSMMeOS

Fig. 2: Possible relationships among the three types of stationarity points MM,
GS, and eOS: (a) F (x, y) = x3 − 2xy − y2 with X × Y = [−1, 1] × [−1, 1];
(b) F (x, y) = sin(x)y with X × Y = [−π

2 ,
π
2 ] × [−1, 1]; (c) F (x, y) = xy with

X × Y = R× [−1, 1].

(b) If F (x, y) = sin(x)y and X × Y = [−π
2 ,

π
2 ] × [−1, 1], then

MM = {(0, [−1, 1])} , GS =
{(

−π
2
,−1

)
, (0, 0),

(π
2
, 1
)}

,

eOS =
{(

−π
2
,−1

)
, (0, [−1, 1]),

(π
2
, 1
)}

.

(c) If F (x, y) = xy and X × Y = R× [−1, 1], then

GS = {(0, 0)} , MM = eOS = {(0, [−1, 1])} .

As we can see from Figure 2, the set of GS can fail to capture that of MM.
Now, in view of the hardness of computing an MM, let us focus on expounding
the relationship between the concepts of game stationarity and optimization
stationarity. In fact, we shall address the more general problem of relating the
approximate versions of these concepts as introduced in Definition 1.

To begin, let x ∈ X be arbitrary. Observe that since f + ιX is L-weakly
convex on X (see Fact 1 in Appendix A) and r > L by assumption, we have

dist
(

0, ∂(f + ιX )
(

prox 1
r f+ιX (x)

))
≤ r

∥∥∥prox 1
r f+ιX (x) − x

∥∥∥ ;

see, e.g., [21, Section 2.2]. It follows from Definition 1 that for problem (P), a
0-OS is an OS. Similarly, since F (·, y) + ιX (·) is L-weakly convex on X for any
y ∈ Y, we have

dist
(

0, ∂(F (·, y) + ιX )
(

prox 1
rF (·,y)+ιX (x)

))
≤ r

∥∥∥prox 1
rF (·,y)+ιX (x) − x

∥∥∥
= ∥∇zdr(y, x)∥ ,

where the last equality is due to Lemma 3 in Appendix A. It follows from
Definition 1 that for problem (P), a 0-GS is a GS. Based on the above, we may
regard ϵ-OS and ϵ-GS as smoothed surrogates of OS and GS, respectively.
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Remark 8 When F (x, ·) is concave for any x ∈ X , each OS x⋆ has a corre-
sponding GS whose x-coordinate is x⋆. To be more precise, if x⋆ is an OS, then
we have x⋆r(x⋆) = prox 1

r f+ιX (x⋆) = x⋆. Consequently, for any y ∈ Y, we can

bound the game-stationarity measure of (x⋆, y) as

1

r
∥∇zdr(y, x⋆)∥ = ∥xr(y, x⋆) − x⋆∥

≤ ∥xr(y, x⋆) − xr(y+(x⋆), x⋆)∥ + ∥xr(y+(x⋆), x⋆) − x⋆r(x⋆)∥
+ ∥prox 1

r f+ιX (x⋆) − x⋆∥

≤ σ2∥y − y+(x⋆)∥ + κ
1
2 ∥y − y+(x⋆)∥ 1

2

= O
(

dist(0,−∇ydr(y, x⋆) + ∂ιY(y)) + dist
1
2 (0,−∇ydr(y, x⋆) + ∂ιY(y))

)
,

where the second inequality follows from Lemma 2, Lemma 8, and the fact
that prox 1

r f+ιX (x⋆) = x⋆, and the last equality is due to [36, Lemma 4.1] and
Lemma 3 in Appendix A. Now, observe that

max
y∈Y

dr(y, x⋆) = max
y∈Y

min
x∈X

{
F (x, y) +

r

2
∥x− x⋆∥2

}
= min

x∈X
max
y∈Y

{
F (x, y) +

r

2
∥x− x⋆∥2

}
= max

y∈Y
F (x⋆, y),

where the second equality is due to the convexity of Fr(·, y, x⋆) for any y ∈ Y
(recall that r > L by assumption) and concavity of F (x, ·) for any x ∈ X , and
the last equality is from prox 1

r f+ιX (x⋆) = x⋆. Since an optimal solution y⋆(x⋆)
of the above problem satisfies

0 ∈ −∇ydr(y⋆(x⋆), x⋆) + ∂ιY(y⋆(x⋆)) = −∇yF (x⋆, y⋆(x⋆)) + ∂ιY(y⋆(x⋆))

and thus also ∥∇zdr(y⋆(x⋆), x⋆)∥ = 0, we conclude that (x⋆, y⋆(x⋆)) is a GS.

Now, let us state the main result in this section, which establishes a quan-
titative, algorithm-independent relationship between the ϵ-game-stationarity
and ϵ-optimization-stationarity concepts for any ϵ ∈ [0, 1). The key tool used
is the alternative dual error bound (Corollary 1) presented in Section 5.3.

Theorem 4 Suppose that (x, y) ∈ X × Y is an ϵ-GS of problem (P) for some
ϵ ∈ [0, 1). Then, the point x is

(a) (K L exponent θ ∈ [0, 1)): an O(ϵmin{1, 1
2θ })-OS of problem (P);

(b) (Concave): an O(ϵ
1
2 )-OS of problem (P).

Proof For case (a), we first compute

∥prox 1
r f+ιX (x) − x∥

= ∥x⋆r(x) − x∥
≤ ∥x⋆r(x) − xr(y+(x), x)∥ + ∥xr(y+(x), x) − xr(y, x)∥ + ∥xr(y, x) − x∥

≤ ω∥y − y+(x)∥γ + σ2∥y − y+(x)∥ +
1

r
∥∇zdr(y, x)∥, (7.1)
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where the last inequality follows from Corollary 1, Lemma 2, and Lemma 3
with ω being equal to ω2 (resp., ω1) and γ being equal to 1

2θ (resp., 1) when
θ ∈ (0, 1) (resp., θ = 0).

Next, we estimate ∥y − y+(x)∥ in terms of the game-stationarity measure
of (x, y). Let y#(x) := projY(y + α∇yF (x, y)). By [36, Lemma 4.1], we have

∥y − y#(x)∥ ≤ dist(0,−∇yF (x, y) + ∂ιY(y)).

Moreover, as Y is a convex set, we have

∥y#(x) − y+(x)∥
= ∥ projY (y + α∇yF (x, y)) − projY (y + α∇yF (xr(y, x), y)) ∥
≤ α∥∇yF (x, y) −∇yF (xr(y, x), y)∥
≤ αL∥xr(y, x) − x∥,

where the first inequality holds due to the nonexpansiveness of projY and
the second inequality is due to the L-Lipschitz continuity of ∇yF (·, y) on X .
Putting the above together yields

∥y − y+(x)∥ ≤ ∥y − y#(x)∥ + ∥y#(x) − y+(x)∥
≤ dist(0,−∇yF (x, y) + ∂ιY(y)) + αL∥xr(y, x) − x∥. (7.2)

Since (x, y) ∈ X × Y is an ϵ-GS, we have

∥∇zdr(y, x)∥ ≤ ϵ and dist(0,−∇yF (x, y) + ∂ιY(y)) ≤ ϵ.

It follows that the optimization-stationarity measure of x can be bounded as

∥prox 1
r f+ιX (x) − x∥

≤ ω∥y − y+(x)∥γ + σ2∥y − y+(x)∥ +
1

r
∥∇zdr(y, x)∥

≤ ω

(
dist(0,−∇yF (x, y) + ∂ιY(y)) +

αL

r
∥∇zdr(y, x)∥

)γ

+ σ2

(
dist(0,−∇yF (x, y) + ∂ιY(y)) +

αL

r
∥∇zdr(y, x)∥

)
+

1

r
∥∇zdr(y, x)∥

≤ ω

(
1 +

αL

r

)γ

ϵγ + σ2

(
1 +

αL

r

)
ϵ+

ϵ

r
= O(ϵmin{1, 1

2θ }),

where the first inequality follows from (7.1) and the second from (7.2). This

implies that x is an O(ϵmin{1, 1
2θ })-OS of problem (P).

Now, for case (b), we can apply Lemma 8 to derive the inequality (7.1)
with ω and γ being replaced by

√
κ and 1

2 , respectively. The remainder of the
proof follows the same argument as that for case (a). ⊔⊓
Remark 9 Theorem 4 expands on the findings of Propositions 4.11 and 4.12 in
[40] by covering a broader range of scenarios. Specifically, it applies to settings
where (i) X is not necessarily the entire space Rn; (ii) the primal function is
nonsmooth or lacks gradient Lipschitz continuity; (iii) the dual problem may
not be concave and only satisfies the K L property with exponent θ. Furthermore,
our results apply to the problems studied in [66, 63].
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8 Closing Remarks

In this paper, we proposed smoothed PLDA for solving a class of nonsmooth
composite nonconvex-nonconcave problems. When the dual function is concave,
we showed that our algorithm can find both an ϵ-GS and an ϵ-OS of the
problem in O(ϵ−4) iterations, which is a first step towards matching the
complexity results for smooth minimax problems. Moreover, when the dual
problem possesses the K L property with exponent θ ∈ [0, 1), we showed that
our algorithm has an iteration complexity of O(ϵ−2max{2θ,1}). As it turns out,
this complexity is determined by the slower of the primal and dual updates
in smoothed PLDA and reveals an interesting phase transition phenomenon:
When θ ∈ [0, 12 ], the primal update, which involves solving a strongly convex
problem, dominates. As such, we cannot break the optimal iteration complexity
of O(ϵ−2). On the other hand, when θ ∈ ( 12 , 1), the dual update dominates and
explicitly depends on θ, resulting in an iteration complexity of O(ϵ−4θ). The
insights gained from our analysis suggest a new algorithm design principle—
namely, primal-dual balancing—which holds promise for the design of more
efficient algorithms in the context of minimax optimization.

Our work suggests several directions for further study. We mention some of
them here.

(a) Extend our algorithm and its analysis to the stochastic setting to benefit
modern machine learning tasks.

(b) Investigate the lower complexity bounds of first-order methods for nonconvex-
K L problems and their dependence on the K L exponent θ. We conjecture
that our proposed smoothed PLDA already has the optimal complexity, at
least in terms of the dependence on θ.

(c) Identify additional structured nonconvex-nonconcave problems that satisfy
the K L property and characterize their K L exponents.
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A Useful Technical Lemmas

To begin, we introduce the concept of weakly convex functions, which plays an
important role in our subsequent analysis.

Definition 3 (Weak convexity) A function ℓ : Rn → R is said to be ρ-
weakly convex on a set X ⊆ R

n for some constant ρ ≥ 0 if for any x, y ∈ X
and τ ∈ [0, 1], we have

ℓ(τx+ (1 − τ)y) ≤ τℓ(x) + (1 − τ)ℓ(y) +
ρτ(1 − τ)

2
∥x− y∥2.

The above definition is equivalent to the convexity of the function ℓ(·) + ρ
2∥ · ∥

2

on X .

Definition 4 (Proximal mapping) Let ℓ : Rn → R ∪ {+∞} be a proper
lower-semicontinuous function. The proximal mapping of ℓ with parameter
µ > 0 at the point x ∈ Rn is defined by

proxµℓ(x) = argmin
y∈Rn

{
ℓ(y) +

1

2µ
∥y − x∥2

}
.

By our assumptions on problem (P) (recall that L = LhLc and r > L) and [24,
Lemma 3.2 and Lemma 4.2], we have the following useful results:

Fact 1 The functions F (·, y) for any y ∈ Y and f are L-weakly convex on X .

Fact 2 Let y ∈ Rd and r > 0 be given. For all x, x̄ ∈ X , we have

−r
−1 + L

2
∥x− x̄∥2 ≤ F (x, y) − Fx̄,r(x, y) ≤ −r−1 + L

2
∥x− x̄∥2.

Using Definition 3 and Fact 1, we can deduce that Fr(·, y, z) is (r−L)-strongly
convex for any y ∈ Y and z ∈ Rn.

Lemma 2 and Lemma 3 are also essential to our analysis. The proofs of these
lemmas are similar to those of Lemma B.2 and Lemma B.3 in [66], respectively.
For completeness, we present the proofs here.

Lemma 2 For any y, y′ ∈ Y and z, z′ ∈ Rn, we have

∥xr(y, z) − xr(y, z′)∥ ≤ σ1∥z − z′∥, (A.1)

∥x⋆r(z) − x⋆r(z′)∥ ≤ σ1∥z − z′∥, (A.2)

∥xr(y, z) − xr(y′, z)∥ ≤ σ2∥y − y′∥, (A.3)

where σ1 := r
r−L and σ2 := 2r−L

r−L .
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Proof From the definition of Fr, we know that for any x ∈ X , y ∈ Y, and
z, z′ ∈ Rn,

Fr(x, y, z′)−Fr(x, y, z) =
r

2
(∥x−z′∥2−∥x−z∥2) =

r

2
(∥z′∥2−2(z′−z)⊤x−∥z∥2).

(A.4)
Fact 1 implies that F (·, y) is L-weakly convex for any y ∈ Y. Therefore, for
any x ∈ X , y ∈ Y, and z ∈ Rn, we have

Fr(x, y, z) − Fr(xr(y, z), y, z) ≥ r − L

2
∥x− xr(y, z)∥2. (A.5)

Combining (A.4) and (A.5) yields

Fr(xr(y, z), y, z′) − Fr(xr(y, z′), y, z′)

= Fr(xr(y, z), y, z′) − Fr(xr(y, z), y, z) + Fr(xr(y, z), y, z) − Fr(xr(y, z′), y, z)

− (Fr(xr(y, z′), y, z′) − Fr(xr(y, z′), y, z))

≤ r

2
(∥z′∥2 − 2(z′ − z)⊤xr(y, z) − ∥z∥2) − r − L

2
∥xr(y, z) − xr(y, z′)∥2

− r

2
(∥z′∥2 − 2(z′ − z)⊤xr(y, z′) − ∥z∥2)

≤ r(z′ − z)⊤(xr(y, z′) − xr(y, z)) − r − L

2
∥xr(y, z) − xr(y, z′)∥2. (A.6)

On the other hand, (A.5) implies that

Fr(xr(y, z), y, z′) − Fr(xr(y, z′), y, z′) ≥ r − L

2
∥xr(y, z) − xr(y, z′)∥2.

Combining this inequality with (A.6), we get

(r − L)∥xr(y, z) − xr(y, z′)∥2 ≤ r(z′ − z)⊤(xr(y, z′) − xr(y, z)).

Using the Cauchy-Schwarz inequality, we obtain

∥xr(y, z) − xr(y, z′)∥ ≤ r

r − L
∥z − z′∥.

Therefore, we conclude that (A.1) holds with σ1 = r
r−L . Since f = maxy∈Y F (·, y)

is also L-weakly convex by Fact 1, we can prove that (A.2) holds by using a
similar argument as above.

We now proceed to prove (A.3). Using (A.5), we have

Fr(xr(y′, z), y, z) − Fr(xr(y, z), y, z) ≥ r − L

2
∥xr(y, z) − xr(y′, z)∥2, (A.7)

Fr(xr(y, z), y′, z) − Fr(xr(y′, z), y′, z) ≥ r − L

2
∥xr(y, z) − xr(y′, z)∥2. (A.8)

Moreover, by the L-Lipschitz continuity of ∇yFr(x, ·, z) for any x ∈ X and
z ∈ Rn, we have

Fr(xr(y, z), y′, z) − Fr(xr(y, z), y, z) ≤⟨∇yFr(xr(y, z), y, z), y′ − y⟩

+
L

2
∥y − y′∥2

(A.9)
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and

Fr(xr(y′, z), y, z) − Fr(xr(y′, z), y′, z) ≤⟨∇yFr(xr(y′, z), y′, z), y − y′⟩

+
L

2
∥y − y′∥2.

(A.10)

Incorporating (A.7)–(A.10), we obtain

(r − L)∥xr(y, z) − xr(y′, z)∥2

≤ ⟨∇yFr(xr(y, z), y, z) −∇yFr(xr(y′, z), y′, z), y′ − y⟩ + L∥y − y′∥2.

Since ∇yFr(·, ·, z) = ∇yF (·, ·) is L-Lipschitz for any z ∈ Rn, we have

∥∇yFr(xr(y, z), y, z) −∇yFr(xr(y′, z), y′, z)∥
≤ ∥∇yFr(xr(y, z), y, z) −∇yFr(xr(y, z), y′, z)∥

+ ∥∇yFr(xr(y, z), y′, z) −∇yFr(xr(y′, z), y′, z)∥
≤ L(∥y − y′∥ + ∥xr(y′, z) − xr(y, z)∥).

It follows that

(r − L)∥xr(y, z) − xr(y′, z)∥2 ≤ L∥xr(y′, z) − xr(y, z)∥ · ∥y − y′∥ + 2L∥y − y′∥2.

Let ζ := ∥xr(y,z)−xr(y
′,z)∥

∥y−y′∥ . Then, the above inequality gives

ζ2 ≤ L

r − L
ζ +

2L

(r − L)
≤ 1

2
ζ2 +

L2

2(r − L)2
+

2L

(r − L)

≤ 1

2
ζ2 +

L2 + 4L(r − L)

2(r − L)2
≤ 1

2
ζ2 +

(L+ 2(r − L))2

2(r − L)2
,

where the second inequality holds because ab ≤ 1
2 (a2 + b2) for any a, b ∈ R.

Thus, we get

∥xr(y, z) − xr(y′, z)∥ ≤ 2r − L

r − L
∥y − y′∥,

which shows that (A.3) holds with σ2 = 2r−L
r−L . The proof is complete. ⊔⊓

Lemma 3 The dual potential value function dr is differentiable on Y × R
n

with

∇ydr(y, z) = ∇yF (xr(y, z), y),

∇zdr(y, z) = ∇zFr(xr(y, z), y, z) = r(z − xr(y, z))

for any y ∈ Y and z ∈ Rn. Moreover, for any y ∈ Y and z ∈ Rn, the gradients
∇ydr(·, z) and ∇zdr(y, ·) are Lipschitz continuous, i.e.,

∥∇ydr(y′, z) −∇ydr(y′′, z)∥ ≤ Ldr
∥y′ − y′′∥ for all y′, y′′ ∈ Y,

∥∇zdr(y, z′) −∇zdr(y, z′′)∥ ≤ L′
dr
∥z′ − z′′∥ for all z′, z′′ ∈ Rn,

where Ldr
:= (σ2 + 1)L and L′

dr
:= (σ1 + 1)r.
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Proof Since Fr(·, y, z) is strongly convex, Fr(x, ·, z) is weakly concave, and
Fr(x, y, ·) is strongly convex for any x ∈ X , y ∈ Y, and z ∈ Rn, the function

dr(·, ·) = min
x∈X

Fr(x, ·, ·)

is differentiable on Y × R
n due to [56, Theorem 10.31]. In particular, for any

y ∈ Y and z ∈ Rn, one has

∇ydr(y, z) = ∇yFr(xr(y, z), y, z) = ∇yF (xr(y, z), y).

Using [24, Lemma 4.3], we have

∇zdr(y, z) = ∇zFr(xr(y, z), y, z) = r(z− prox 1
rF (·,y)+ιX (z)) = r(z− xr(y, z)).

It follows that for any y′, y′′ ∈ Y,

∥∇ydr(y′, z) −∇ydr(y′′, z)∥
= ∥∇yFr(xr(y′, z), y′, z) −∇yFr(xr(y′′, z), y′′, z)∥
≤ ∥∇yFr(xr(y′, z), y′, z) −∇yFr(xr(y′, z), y′′, z)∥

+ ∥∇yFr(xr(y′, z), y′′, z) −∇yFr(xr(y′′, z), y′′, z)∥
≤ L∥y′ − y′′∥ + L∥xr(y′, z) − xr(y′′, z)∥
≤ L∥y′ − y′′∥ + Lσ2∥y′ − y′′∥ ≤ Ldr∥y′ − y′′∥,

where the third inequality is due to (A.3). Moreover, we have

∥∇zdr(y, z′) −∇zdr(y, z′′)∥ = r∥z′ − xr(y, z′) − (z′′ − xr(y, z′′))∥
≤ r∥z′ − z′′∥ + r∥xr(y, z′) − xr(y, z′′)∥
≤ r∥z′ − z′′∥ + rσ1∥z′ − z′′∥ ≤ L′

dr
∥z′ − z′′∥,

where the second inequality is due to (A.1). The proof is complete. ⊔⊓

Lemma 4 For any k ≥ 0, we have

∥yk+1 − yk+(zk+1)∥ ≤ η∥xk − xk+1∥ + σ1αL∥zk+1 − zk∥,

where η := αLζ.

Proof We compute

∥yk+1 − yk+(zk+1)∥
= ∥projY(yk + α∇yF (xk+1, yk)) − projY(yk + α∇yF (xr(yk, zk+1), yk))∥
≤ ∥yk + α∇yF (xk+1, yk) − (yk + α∇yF (xr(yk, zk+1), yk))∥
≤ αL(∥xk+1 − xr(yk, zk)∥ + ∥xr(yk, zk) − xr(yk, zk+1)∥)

≤ η∥xk − xk+1∥ + σ1αL∥zk+1 − zk∥,

where the first inequality is due to the nonexpansiveness of the projection
operator, the second is due to the L-Lipschitz continuity of ∇yF (·, ·), and the
third follows from Proposition 2 and (A.1). The proof is complete. ⊔⊓
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B Sufficient Decrease Property of Lyapunov Function

Lemma 5 (Primal descent) For any k ≥ 0, we have

Fr(xk, yk, zk) − Fr(xk+1, yk+1, zk+1)

≥ 2λ−1 + r − L

2
∥xk − xk+1∥2 + ⟨∇yFr(xk+1, yk, zk), yk − yk+1⟩ − L

2
∥yk − yk+1∥2

+
(2 − β)r

2β
∥zk − zk+1∥2.

Proof One can infer from the definition that Fxk,λ(·, yk) is λ−1-strongly convex.
Therefore, we have

Fr(xk, yk, zk) = F (xk, yk) +
r

2
∥xk − zk∥2 = Fxk,λ(xk, yk) +

r

2
∥xk − zk∥2

≥ Fxk,λ(xk+1, yk) +
r

2
∥xk+1 − zk∥2 +

λ−1 + r

2
∥xk − xk+1∥2.

Moreover, Fact 2 implies that

Fxk,λ(xk+1, yk) ≥ F (xk+1, yk) +
λ−1 − L

2
∥xk+1 − xk∥2.

It follows that

Fr(xk, yk, zk) ≥ F (xk+1, yk) +
r

2
∥xk+1 − zk∥2 +

2λ−1 + r − L

2
∥xk − xk+1∥2

= Fr(xk+1, yk, zk) +
2λ−1 + r − L

2
∥xk − xk+1∥2. (B.1)

Next, as ∇yFr(x, ·, z) is L-Lipschitz continuous for any x ∈ X and z ∈ Rn, we
have

Fr(xk+1, yk, zk) − Fr(xk+1, yk+1, zk) ≥⟨∇yFr(xk+1, yk, zk), yk − yk+1⟩

− L

2
∥yk − yk+1∥2. (B.2)

At last, based on the update zk+1 = zk + β(xk+1 − zk), we get

Fr(xk+1, yk+1, zk) − Fr(xk+1, yk+1, zk+1) =
(2 − β)r

2β
∥zk − zk+1∥2. (B.3)

By summing up (B.1), (B.2), and (B.3), we obtain the desired result. ⊔⊓

Lemma 6 (Dual ascent) For any k ≥ 0, we have

dr(yk+1, zk+1) − dr(yk, zk)

≥ ⟨∇yFr(xr(yk, zk), yk, zk), yk+1 − yk⟩ − Ldr

2
∥yk − yk+1∥2

+
r

2

〈
zk+1 − zk, zk+1 + zk − 2xr(yk+1, zk+1)

〉
.
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Proof Based on Lemma 3, ∇ydr(·, z) is Ldr -Lipschitz continuous for any z ∈ Rn.
Thus, we have

dr(yk+1, zk) − dr(yk, zk) ≥ ⟨∇ydr(yk, zk), yk+1 − yk⟩ − Ldr

2
∥yk − yk+1∥2

= ⟨∇yFr(xr(yk, zk), yk, zk), yk+1 − yk⟩ − Ldr

2
∥yk − yk+1∥2.

In addition, one has

dr(yk+1, zk+1) − dr(yk+1, zk)

= Fr(xr(yk+1, zk+1), yk+1, zk+1) − Fr(xr(yk+1, zk), yk+1, zk)

≥ Fr(xr(yk+1, zk+1), yk+1, zk+1) − Fr(xr(yk+1, zk+1), yk+1, zk)

=
r

2
∥xr(yk+1, zk+1) − zk+1∥2 − r

2
∥xr(yk+1, zk+1) − zk∥2

=
r

2

〈
zk+1 − zk, zk+1 + zk − 2xr(yk+1, zk+1)

〉
.

Finally, by combining the above inequalities, the proof is complete. ⊔⊓

Lemma 7 (Proximal descent (smoothness)) For any k ≥ 0, we have

pr(zk) − pr(zk+1) ≥ r

2

〈
zk+1 − zk, 2xr(y(zk+1), zk) − zk − zk+1

〉
,

where y(zk+1) ∈ Y (zk+1).

Proof Recall that pr(z) = maxy∈Y dr(y, z). Due to the definition of y(zk+1),
we have

pr(zk+1) − pr(zk)

≤ dr(y(zk+1), zk+1) − dr(y(zk+1), zk)

≤ Fr(xr(y(zk+1), zk), y(zk+1), zk+1) − Fr(xr(y(zk+1), zk), y(zk+1), zk)

=
r

2

〈
zk+1 − zk, zk+1 + zk − 2xr(y(zk+1), zk)

〉
,

where the second inequality follows from the fact that

Fr(x′, y, z) ≥ min
x∈X

Fr(x, y, z) = dr(y, z)

for any x′ ∈ X . The proof is complete. ⊔⊓
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Proof of Proposition 1 From Lemmas 5, 6, and 7, we have

Φr(xk, yk, zk) − Φr(xk+1, yk+1, zk+1)

= Fr(xk, yk, zk) − Fr(xk+1, yk+1, zk+1) + 2(dr(yk+1, zk+1) − dr(yk, zk))

+ 2(pr(zk) − pr(zk+1))

≥ 2λ−1 + r − L

2
∥xk − xk+1∥2 +

(2 − β)r

2β
∥zk − zk+1∥2 −

(
Ldr

+
L

2

)
∥yk − yk+1∥2

+ ⟨∇yFr(xk+1, yk, zk), yk − yk+1⟩ + 2⟨∇yFr(xr(yk, zk), yk, zk), yk+1 − yk⟩︸ ︷︷ ︸
①

+ 2r
〈
zk+1 − zk, xr(y(zk+1), zk) − xr(yk+1, zk+1)

〉︸ ︷︷ ︸
②

.

First, we simplify the term ①. We know that

① = ⟨∇yFr(xk+1, yk, zk), yk − yk+1⟩ + 2⟨∇yFr(xr(yk, zk), yk, zk), yk+1 − yk⟩
= ⟨∇yFr(xk+1, yk, zk), yk+1 − yk⟩

+ 2⟨∇yFr(xr(yk, zk), yk, zk) −∇yFr(xk+1, yk, zk), yk+1 − yk⟩.

For the first term, we have

⟨∇yFr(xk+1, yk, zk), yk+1 − yk⟩

= ⟨∇yFr(xk+1, yk, zk) +
1

α
(yk − yk+1), yk+1 − yk⟩ +

1

α
∥yk − yk+1∥2

=
1

α
⟨yk + α∇yFr(xk+1, yk, zk) − yk+1, yk+1 − yk⟩ +

1

α
∥yk − yk+1∥2

≥ 1

α
∥yk − yk+1∥2,

where the last inequality follows from the property of the projection operator
and the dual update yk+1 = projY(yk + α∇yFr(xk+1, yk, zk)) (recall that
∇yFr(x, y, z) = ∇yF (x, y) for any x ∈ X , y ∈ Y, and z ∈ R

n). For the
remaining terms, we have

2⟨∇yFr(xr(yk, zk), yk, zk) −∇yFr(xk+1, yk, zk), yk+1 − yk⟩
≥ − 2∥∇yFr(xr(yk, zk), yk, zk) −∇yFr(xk+1, yk, zk)∥ · ∥yk+1 − yk∥
≥ − 2L∥xk+1 − xr(yk, zk)∥ · ∥yk − yk+1∥
≥ − Lζ2∥yk − yk+1∥2 − Lζ−2∥xk+1 − xr(yk, zk)∥2

≥− Lζ2∥yk − yk+1∥2 − L∥xk+1 − xk∥2,

where the third inequality holds because 2|a||b| ≤ τa2 + 1
τ b

2 for any a, b ∈ R
and τ > 0, and the last inequality follows from Proposition 2. Putting the
above together, we obtain

① ≥
(

1

α
− Lζ2

)
∥yk − yk+1∥2 − L∥xk+1 − xk∥2. (B.4)
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Next, we bound the term ② by

② = 2r
〈
zk+1 − zk, xr(y(zk+1), zk) − xr(yk+1, zk+1)

〉
= 2r

〈
zk+1 − zk, xr(y(zk+1), zk) − xr(y(zk+1), zk+1)

〉
+ 2r

〈
zk+1 − zk, xr(y(zk+1), zk+1) − xr(yk+1, zk+1)

〉
≥− 2rσ1∥zk+1 − zk∥2 + 2r

〈
zk+1 − zk, xr(y(zk+1), zk+1) − xr(yk+1, zk+1)

〉
≥− 2rσ1∥zk+1 − zk∥2 − r

7β
∥zk+1 − zk∥2

− 7rβ∥xr(y(zk+1), zk+1) − xr(yk+1, zk+1)∥2, (B.5)

where the first inequality is due to (A.1) and the Cauchy-Schwarz inequality,
and the second inequality again follows from the fact that 2|a||b| ≤ τa2 + 1

τ b
2

for any a, b ∈ R and τ > 0. Now, the inequalities (B.4) and (B.5) imply that

Φr(xk, yk, zk) − Φr(xk+1, yk+1, zk+1)

≥ 2λ−1 + r − 3L

2
∥xk − xk+1∥2 +

(
1

α
− Ldr

− L

2
− Lζ2

)
∥yk − yk+1∥2

+

(
(2 − β)r

2β
− 2rσ1 −

r

7β

)
∥zk − zk+1∥2

− 7rβ∥xr(y(zk+1), zk+1) − xr(yk+1, zk+1)∥2. (B.6)

By Lemma 4 and the fact that ∥u + v∥2 ≤ 2(∥u∥2 + ∥v∥2) for any u, v ∈ Rd,
we have

∥yk+1 − yk∥2 = ∥yk+1 − yk+(zk+1) + yk+(zk+1) − yk∥2

≥ 1

2
∥yk − yk+(zk+1)∥2 − ∥yk+1 − yk+(zk+1)∥2

≥ 1

2
∥yk − yk+(zk+1)∥2 − 2η2∥xk+1 − xk∥2 − 2σ2

1α
2L2∥zk+1 − zk∥2.

(B.7)

Similarly, by Lemma 2 and Lemma 4, we have

∥xr(y(zk+1), zk+1) − xr(yk+1, zk+1)∥2

≤ 2∥xr(y(zk+1), zk+1) − xr(yk+(zk+1), zk+1)∥2

+ 2∥xr(yk+(zk+1), zk+1) − xr(yk+1, zk+1)∥2

≤ 2∥xr(y(zk+1), zk+1) − xr(yk+(zk+1), zk+1)∥2 + 2σ2
2∥yk+1 − yk+(zk+1)∥2

≤ 2∥xr(y(zk+1), zk+1) − xr(yk+(zk+1), zk+1)∥2

+ 4σ2
2η

2∥xk+1 − xk∥2 + 4σ2
2σ

2
1α

2L2∥zk+1 − zk∥2. (B.8)

Substituting (B.7) and (B.8) into (B.6) yields

Φr(xk, yk, zk) − Φr(xk+1, yk+1, zk+1)
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≥
(

2λ−1 + r − 3L

2
− 28rβσ2

2η
2

)
∥xk − xk+1∥2 +

(
1

α
− Ldr

− L

2
− Lζ2

)
·(

1

2
∥yk − yk+(zk+1)∥2 − 2η2∥xk+1 − xk∥2 − 2σ2

1α
2L2∥zk+1 − zk∥2

)
+

(
(2 − β)r

2β
− 2rσ1 −

r

7β
− 28rβσ2

1σ
2
2α

2L2

)
∥zk − zk+1∥2

− 14rβ∥xr(y(zk+1), zk+1) − xr(yk+(zk+1), zk+1)∥2.

Suppose that r ≥ 3L, which implies that Ldr + L
2 ≤ 5L. We observe the

following:

– As α ≤ min
{

1
10L ,

1
4Lζ2

}
, we have 1

α − Ldr
− L

2 ≥ 1
2α and 1

2α − Lζ2 ≥ 1
4α .

– As β ≤ 1
28 and σ1 ≤ 3

2 , σ2 ≤ 5
2 , we have

(2 − β)r

2β
− 2rσ1 −

r

7β
− 28rβσ2

1σ
2
2α

2L2 − 1

2α
σ2
1α

2L2

≥ 6r

7β
− 7r

2
− 28rβ

(
3

2

)2(
5

2

)2(
1

10L

)2

L2 − r

24

≥ r

β

(
6

7
− 4β − 14β2

)
≥ 4r

7β
.

– As λ−1 ≥ L and recalling that η = αLζ, we have

α ≤ 1

4Lζ2
=

λ−1

4L2ζ2
L

λ−1
≤ λ−1

4L2ζ2
and

η2

2α
=
αL2ζ2

2
≤ 1

8λ
.

Moreover, since β ≤ (r−L)2

14αr(2r−L)2 = 1
14αrσ2

2
, we have

28rβσ2
2η

2 ≤ 2η2

α
≤ 1

2λ
and

2λ−1 + r − 3L

2
− 28rβσ2

2η
2 − η2

2α
≥ 3

8λ
.

Putting everything together yields

Φr(xk, yk, zk) − Φr(xk+1, yk+1, zk+1)

≥ 3

8λ
∥xk − xk+1∥2 +

1

8α
∥yk − yk+(zk+1)∥2 +

4r

7β
∥zk − zk+1∥2

− 14rβ∥xr(y(zk+1), zk+1) − xr(yk+(zk+1), zk+1)∥2.

The proof is complete.
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C Proof of Corollary 1

Proof The proof follows closely that of Proposition 3. Let ψ : Rn × R
n → R be

the function defined by

ψ(x, z) = max
y∈Y

Fr(x, y, z)

and consider arbitrary x ∈ X , y ∈ Y, and z ∈ Rn. Again, note that ψ(·, z) is
(r − L)-strongly convex. This implies that

ψ(x, z) − ψ(x⋆r(z), z) ≥ r − L

2
∥x− x⋆r(z)∥2. (C.1)

Moreover, we have

ψ(x, z) − ψ(x⋆r(z), z)

≤ ψ(x, z) − Fr(xr(y+(z), z), y+(z), z)

= max
y′∈Y

F (x, y′) +
r

2
∥x− z∥2 − Fr(xr(y+(z), z), y+(z), z)

= max
y′∈Y

F (x, y′) − F (xr(y+(z), z), y+(z)) +
r

2
∥x− z∥2 − r

2
∥xr(y+(z), z) − z∥2,

(C.2)

where the inequality follows from

Fr(xr(y+(z), z), y+(z), z) = min
x′∈X

{
F (x′, y+(z)) +

r

2
∥x′ − z∥2

}
≤ max

y′∈Y
min
x′∈X

{
F (x′, y′) +

r

2
∥x′ − z∥2

}
≤ min

x′∈X
max
y′∈Y

{
F (x′, y′) +

r

2
∥x′ − z∥2

}
= ψ(x⋆r(z), z).

As (C.1) and (C.2) hold for any x ∈ X , we obtain the intermediate relation

r − L

2
∥x⋆r(z)−xr(y+(z), z)∥2 ≤ max

y′∈Y
F (xr(y+(z), z), y′)−F (xr(y+(z), z), y+(z))

by taking x = xr(y+(z), z).
The remaining steps of the proof are the same as those of Proposition 3.

For brevity, we omit them here. ⊔⊓

D Dual Error Bound for Concave Case

The following lemma provides a dual error bound for the case where F (x, ·) is
concave for any x ∈ Rn. Its proof is based on Lemma B.10 in [66].

Lemma 8 For any y ∈ Y and z ∈ Rn, we have

∥x⋆r(z) − xr(y+(z), z)∥2 ≤ κ∥y − y+(z)∥,

where κ := 1+αLσ2+αL
α(r−L) · diam(Y).
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Proof Let y ∈ Y and z ∈ R
n be arbitrary. Recall that y(z) is an arbitrary

vector in Y (z). By the (r − L)-strong convexity of Fr(·, y, z), we have

Fr(x⋆r(z), y+(z), z) − Fr(xr(y+(z), z), y+(z), z) ≥ r − L

2
∥xr(y+(z), z) − x⋆r(z)∥2,

Fr(xr(y+(z), z), y(z), z) − Fr(x⋆r(z), y(z), z) ≥ r − L

2
∥xr(y+(z), z) − x⋆r(z)∥2.

Moreover, since (x⋆r(z), y(z)) is a saddle point of the convex-concave function
Fr(·, ·, z) [60], we have Fr(x⋆r(z), y(z), z) ≥ Fr(x⋆r(z), y+(z), z), which implies
that

Fr(xr(y+(z), z), y(z), z) − Fr(xr(y+(z), z), y+(z), z)

≥ (r − L)∥xr(y+(z), z) − x⋆r(z)∥2. (D.1)

Note that y+(z) is the maximizer of

max
y′∈Y

〈
y + α∇yFr(xr(y, z), y, z) − y+(z), y′

〉
.

For simplicity, we define the function ξ : Rd → R by

ξ(·) := αFr(xr(y+(z), z), ·, z) −
〈
α∇yFr(xr(y+(z), z), y+(z), z), ·

〉
−
〈
y+(z) − y − α∇yFr(xr(y, z), y, z), ·

〉
.

Then, we have

max
y′∈Y

ξ(y′)

≤ αFr(xr(y+(z), z), y+(z), z) −
〈
α∇yFr(xr(y+(z), z), y+(z), z), y+(z)

〉
+ max

y′∈Y

〈
y + α∇yFr(xr(y, z), y, z) − y+(z), y′

〉
≤ ξ(y+(z)),

where the first inequality holds because Fr(xr(y+(z), z), ·, z) is concave. There-
fore, we have ξ(y(z)) ≤ ξ(y+(z)), which implies that

Fr(xr(y+(z), z), y(z), z) − Fr(xr(y+(z), z), y+(z), z)

≤ 1

α

〈
y(z) − y+(z), α∇yFr(xr(y+(z), z), y+(z), z) − α∇yFr(xr(y, z), y, z)

〉
+

1

α

〈
y(z) − y+(z), y+(z) − y

〉
≤ L∥y+(z) − y(z)∥(∥xr(y+(z), z) − xr(y, z)∥ + ∥y+(z) − y∥)

+
1

α
∥y+(z) − y(z)∥ · ∥y − y+(z)∥

≤
(

1

α
+ Lσ2 + L

)
∥y+(z) − y(z)∥ · ∥y − y+(z)∥. (D.2)
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Here, the second inequality is due to the L-Lipschitz continuity of ∇yFr(·, ·, z)
and the last inequality is from (A.3). Hence, by combining (D.1) and (D.2), we
obtain

(r − L)∥x⋆r(z) − xr(y+(z), z)∥2 ≤
(

1

α
+ Lσ2 + L

)
diam(Y) · ∥y − y+(z)∥,

which proves the desired result. ⊔⊓
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