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Convex Composite Optimization

Convex composite optimization problem

min ) 1= h(F(x))

@ the outer function h: R™ — R is convex,
@ the inner function F: R"” — R™ is continuously differentiable,

o C:=argminy,cgm h(y) and X*:= argmin,crn h(F(x)).
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Convex Composite Optimization

Convex composite optimization problem

min ) 1= h(F(x))

@ the outer function h: R™ — R is convex,
@ the inner function F: R"” — R™ is continuously differentiable,

o C:=argminy,cgm h(y) and X*:= argmin,crn h(F(x)).

It provides a unified framework for
@ convex inclusions,
@ nonsmooth and nonconvex optimization,
@ penalty methods for nonlinear programming,
°

regularized minimization problems.
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Convex Composite Optimization

Algorithm (Gauss-Newton method)
Initializing: p > 1, A € (0, +00] and xp € R".
Iteration of xj — Xy11:
o If h(F(xk)) = min{h(F(xx) + F(xx)d) : ||d|| < A}, then stop;
o otherwise, we denote Da(xk) := arg minq<a{h(F(xk) + F (xk)d)},
choose dj € Da(xk) to satisfy ||dk| < pdist(0, Da(xk)), and set
Xk+1 = Xk + dk.
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Convex Composite Optimization

Convergence study of GNM:
e [R. S. Womersley, Math. Program. 1985]: quadratically converges to
a local minima under the assumption of strong uniqueness.

@ [J. V. Burke and M. C. Ferris, Math. Program. 1995]: quadratically
converges to a global minima under the assumptions of weak sharp
minima and regularity condition.

e [C. Li and X. Wang, Math. Program. 2002|: quadratically converges
to a global minima under the assumption of regularity condition.

e [C. Li and K. F. Ng, SIAM J. Optim. 2007]: semilocal
linear/quadratic convergence with quasi-regular initial points.
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Linearized Proximal Algorithm LPA

@ From the practical view, the GNM is inconvenient to implement,
because the search direction d, which is the vector in Da(xx) with
minimal norm, is difficult to be found for many applications,
especially for the large scale problems.
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@ From the practical view, the GNM is inconvenient to implement,
because the search direction d, which is the vector in Da(xx) with
minimal norm, is difficult to be found for many applications,
especially for the large scale problems.

@ Based on the idea of the proximal point algorithm due to [R. T.
Rockafellar, SIAM J. Control Optim. 1976], [A. S. Lewis and S. J.
Wright, arXiv:math.OC/0812.0423v1 2008] proposed an linearized
proximal algorithm called ProxDescent to solve CCO and investigated
the properties of local solutions of the subproblem.

e [Y. Hu, C. Li and X. Yang, SIAM J. Optim. 2016] proposed the
following general stepsizes of linearized proximal algorithm (LPA) for
solving CCO.
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Linearized Proximal Algorithm LPA

Algorithm (LPA)
Initializing: an initial point xo € R" and a stepsize vo > 0.
Iteration of x; — xk11: (by setting vy)
o If h(F(xk)) = mingern { h(F(xx) + F (x)d) + vi||d||*}, then stop;

@ otherwise, set

di = argmingern { h(F(xk) + F (xc)d) + vil|d]|*} ,
Xk+1 = Xk+dk.
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Linearized Proximal Algorithm LPA

[Y. Hu, C. Li and X. Yang, SIAM J. Optim. 2016] studied convergence
results for the stepsize satisfying:

1
Vk:E

where v > 0 is a constant for each k > 0, or more general, the stepsize
{vi} satisfying:

0<v< v <V< 400

for each k > 0. We call this algorithm CLPA.
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Linearized Proximal Algorithm LPA

The notion of the weak sharp minimizer (of order 1) is proposed by [J. V.
Burke and M. C. Ferris, SIAM J. Control Optim. 1993]. [M. Studniarski
and D. E. Ward, SIAM J. Control Optim. 1999] extended the concept to
the weak sharp minimizer of p(p > 1) for a function g: R” — R as follows:

Definition (Local weak sharp minimizer of order p)

Let x € R". X is a local weak sharp minimizer of order p for g if
X € argmin g and there exist r > 0 and 7, > 0 such that

g(x) — g(x) > n,distP(x,argming)  for each x € B(x, r).
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Linearized Proximal Algorithm LPA

Let D(x) :={d € R": F(x) + F(x)d € C} and x € R". We say that X is
@ a regular point (proposed by [J. V. Burke and M. C. Ferris, Math.
Program. 1995]) of inclusion F(x) € Cif

ker(F(X)T) N (C— F(%))° = {0};

@ a quasi-regular point (proposed by [C. Li and K. F. Ng, SIAM J.
Optim. 2007]) of inclusion F(x) € C if there exist r > 0 and S, > 0
such that

Bdist(0, D(x)) < dist(F(x), C) for each x € B(x, r).
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Linearized Proximal Algorithm LPA

Drawbacks/limitations of the CLPA:
@ The CLPA does not work very efficiently in the case when p > 2.

@ In the case when p = 2, the convergence performance of the CLPA is
sensitive to the choice of the stepsize (related to weak sharp minima
modulus and the quasi-regular modulus).
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Linearized Proximal Algorithm LPA

In our recent paper, assume that the optimal value h.,;, of the function h
is known and propose an algorithm called ALPA by using an adaptive

stepsize:
Vi = min{6w}, v},

where wy := h(F(xx)) — hmin, and 0 < 6 <1, @ > 0, v > 0 are constants.
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Linearized Proximal Algorithm LPA

We assume the following blanket assumptions denoted by (H):
e (Al): F(x) € C, F is locally Lipschitz around X,
e (A2): X is a quasi-regular point of inclusion F(x) € C,

e (A3): F(x) is a local weak sharp minimizer of order p for h.
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Linearized Proximal Algorithm LPA

Theorem

Assumptions:
o CLPA: p € [1,2) or the stepsize v, < 1EBX" )? 2 (ifp=2).p
o ALPA:p>1, a > p—2.

Conclusion:
{xk} converges locally to a solution x* satisfying F(x*) € C at a rate of

o CLPA: % 5

o ALPA: min{2, HTQ} In particular, {xx} converges quadratically if
a>2p—2.

n(x) is the local weak sharp minimizer constant of order 2, and B(X) is the
quasi-regularity constant.
®[Y. Hu, C. Li and X. Yang, SIAM J. Optim. 2016].
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Linearized Proximal Algorithm LPA

If we further assume that

(A4): (h— hmin)é is locally Lipschitz at F(x) with s > 1.

Theorem

Assumptions?:
op21'5>wb'a6(p 2 25— 2]

Conclusion:

{xx} generated by the ALPA converges locally at a rate of min{%, %}
to a solution x* satisfying F(x*) € C. In particular, {xx} converges

quadratically if s= p and o = 2 — %.

?(A2)+(A3) could be weakened to the following:
(A5): xis a local weak sharp minimizer of order p for ho F.
b(A4)+(A5) imply that s < p.
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Linearized Proximal Algorithm LPA

Comparison between the CLPA and the ALPA:
@ The restriction p < 2 for CLPA is dropped and estimates of constant
vk < wl are avoided when p = 2.
@ The convergence rate is improved by choosing suitable «, and even in

the case when p > 2, the convergence could be quadratic.

15(x) is the local weak sharp minimizer constant of order 2, and B(X) is the
quasi-regularity constant.
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Linearized Proximal Algorithm Inexact LPA

Algorithm (Inexact CLPA [Y. Hu et al., SIAM J. Optim. 2016])

Initializing: 8 > 0, p > 0, an initial point xo € R", d_1 € R" and a stepsize
vo > 0.

Iteration of x — xy+1 (by setting e, = 0||dx_1]|"):
o If h(F(xk)) = mingern { h(F(xi) + F (x)d) + vi||d||?}, then stop;
o else if h(F(xk)) < mingern { h(F(x) + F(xk)d) + vi||d||*} + €k, then

we set
de = |ldk1P k-1,
Xkt1 = Xkt dk

@ otherwise, we set

di = exargmingern {h(F(xk) + F (x)d) + vi|d||?}
Xer1 = Xk + di.
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Linearized Proximal Algorithm Inexact LPA

Algorithm (Inexact ALPA)

Initializing: 0 < 0 <1, « >0, p >0, v> 0 and an initial point xy € R".

Iteration of xi — xiy1 (by setting ) < Ow)):
e Set vi = min{fw}, v}.
o If h(F(xk)) = mingern { h(F(x) + F (x)d) + vi||d||*}, then stop;

@ otherwise, we set €, = B¢y until
h(F(xx)) > 52%@ {h(F(xx) + F (x)d) + vil|d]|*} + ex

and then set

di = exargmingern { h(F(xi) + F (xk)d) + vil|d|* }
Xkt1 = Xkt dk

Linglingzhi Zhu (ZJU) ALPA
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Linearized Proximal Algorithm Inexact LPA

Theorem
Assumptions:

o CLPA: p € [1,2) or the stepsize vy < "(X)B (/fp =2);p>22
o ALPA:p>1, a>p—2,p> a+ 2.
Conclusion:

{xk} converges locally to a solution x* satisfying F(x*) € C at a rate of

e CLPA: min {g,%} 2

e ALPA: min{2, ”Ta} In particular, {x} converges quadratically if
a>2p—2.

?[Y. Hu, C. Li and X. Yang, SIAM J. Optim. 2016].
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Linearized Proximal Algorithm Inexact LPA

Theorem
Assumptions:

o CLPA: p € [1,2) or the stepsize vy < "(X)B (/fp =2);p>22
o ALPA:p>1, a>p—2,p> a+ 2.
Conclusion:

{xk} converges locally to a solution x* satisfying F(x*) € C at a rate of

e CLPA: min {g,%} 2

e ALPA: min{2, QJFTO‘} In particular, {x} converges quadratically if
a>2p—2.

?[Y. Hu, C. Li and X. Yang, SIAM J. Optim. 2016].

@ For the ALPA, since larger p requires more cost for solving the
subproblem, we can apply p = a + 2 instead of p > « + 2 but with
same convergence rate.
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Linearized Proximal Algorithm Inexact LPA

If we further assume that

(A4): (h— hmin)% is locally Lipschitz at F(x) with s > 1.

Theorem
Assumptions:

opzl,s>%,ae(p 2 25— 2] p>a+ 2.

Conclusion:
{xx} generated by the ALPA converges locally at a rate of mm{25 2+a5}
to a solution x* satisfying F(x*) € C. In particular, {xx} converges

quadratically if s= p and o =2 — gp_
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Linearized Proximal Algorithm Inexact LPA

In the case when assumptions (Al)-(A4) of theorems hold, then the
inexact ALPA owns the following convergence rate

B m|n{2 2ty - jf (p,a, p) satisfies (C1);
97\ min f*"‘s} if (p, s, a, p) satisfies (C2).

(Cl): p>l,a>p—2,p>a+2,

. 14/ [1+2p(p—2)] -2 252
(C2): p>1,s> V22 T e (B2 > l.p>a+2.
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Linearized Proximal Algorithm Globalized LPA

Algorithm (Globalized CLPA [Y. Hu et al., SIAM J. Optim. 2016])

Initializing: 6 >0, p >0, c€ (0,1), v € (0,1), xo € R" and vy > 0.
Iteration of x — xxy1: (by setting ex = 0||dk—1]|”)

@ Generate di by exact CLPA,
o Set

Xkt1 = Xkt tidy,
where t; is the maximum value of ' for i=0,1,..., such that

h(F(xi 4+ 7'di)) — h(F(xx)) < ey (h(F(xk) + F (xic)dk)
+villdil> — h(F(xx)))-

Linglingzhi Zhu (ZJU) ALPA
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Linearized Proximal Algorithm Globalized LPA

Algorithm (Globalized ALPA)

Initializing: 0 < 6 <1, p>0, ce(0,1), v €(0,1), xo € R” and vy > 0.

Iteration of x — xi1: (by setting e < Ow})
@ Generate di by inexact ALPA,
o Set

Xkt1 = Xkt tidy,
where t; is the maximum value of ' for i=0,1,..., such that

h(F(xi 4+ 7'di)) — h(F(xx)) < ey (h(F(xk) + F (xic)dk)
+villdil> — h(F(xx)))-
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Linearized Proximal Algorithm Globalized LPA

We assume for the following theorems that:

@ {xx} is the sequence generated by the Globalized LPA and X is a
cluster point of this sequence such that the blanket assumptions (H)
holds.
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Linearized Proximal Algorithm Globalized LPA

Theorem
Assumptions:
o Globalized exact CLPA: 1 < p < 2.?
o Globalized inexact ALPA: 1 < p<2,p>a+2.

Conclusion:
{xk} converges to x at a rate of

@ Globalized exact CLPA: %,"
o Globalized inexact ALPA: min{2, #£2}.

?[Y. Hu, C. Li and X. Yang, SIAM J. Optim. 2016].
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Linearized Proximal Algorithm Globalized LPA

If we further assume that

1
(A4): (h— hmin)s is locally Lipschitz at F(x) with s > 1.

Theorem
Assumptions:
1++/[1+2p(p—2
°P21,S>M,Oz€(p 2 25— 2] p>a+2.
Conclusion:
{xx} converges to x at a rate of m|n{25 2+°‘5}
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Applications

© Applications
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Applications Convex Inclusion Problem

@ Convex inclusion problem is at the core of the modeling of many
problems in various areas of mathematics and physical sciences:

Find x such that F(x) € Q,

where F: R" — R™ is continuously differentiable and Q C R" is a
closed convex set.

@ Convex composite optimization reformulation:

1
in h( F here h(-) := =distP(-, Q).
min h(F(x)), where h(") s (, Q)
@ The first-order optimality condition of the LPA's subproblem (p > 1):

Gy u(d) = dP72(F(x) + F(x)d, Q) F (x) " (I — Po)(F(x) + F(x)d)
+2ud =0
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Applications Convex Inclusion Problem

Algorithm (ALPA for p > 1)

Initializing: 0 <0 <1, >0, p>0, xo € R".
Iteration of xi — xiy1 (by setting ) < Ow)):

e Set vi = min{fw}, v}.
o If Gy, (0) =0, then stop;

@ otherwise, we set €, = O¢; until

GO > v/ 2vier,

and then generate dy by solving the nonlinear equations
GXka(d) =0

such that || Gy, v, (dk)|| < v/2vkek, and set xx1 = X + d.

Linglingzhi Zhu (ZJU) ALPA
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Applications Convex Inclusion Problem

We assume the following assumptions for the remainder:
° x € X*2,
@ F is locally Lipschitz around X,

e imF(X) — Q=R".

2X* is the solution set of the convex inclusion problem.
Linglingzhi Zhu (ZJU) ALPA 31/55



Applications Convex Inclusion Problem

Theorem
Assumptions:

@ CLPA: p=2, vy < ,
6462 Iyll<1 F (x)dey+R™

o ALPA: (C1) p>1, a>max{p—2,2—2}, p>a+2, or
(C2)p>Lac(l-22-2], p>a+2.
Conclusion: {xx} converges locally to a solution x* satisfying x* € X*
o CLPA: linearly,?
o ALPA: at a rate of

) min{2, ”Ta}, if (p, a, p) satisfies (C1),
U= min{2, 2+p°‘p}, if (p, «, p) satisfies (C2).

?[Y. Hu, C. Li and X. Yang, SIAM J. Optim. 2016].

p > 1, where ;= sup inf d||.?
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Applications Convex Inclusion Problem

Algorithm (Globalized ALPA for p > 1)
Initializing: ¢ € (0,1), v € (0,1) and xp € R".
Iteration of Xy — Xk41:

o Generate dy by the ALPA for p > 1,

@ Set

X1 = Xkt tidk,
where ty is the maximum value of ' for i =0,1,..., such that

5 FOa + v di) 1 1P — 11 () 417
< Y (SICFOW) + F (k) di)+ 1P + vidlldl® = 2l FOxk)-+ [1P)-
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Applications Convex Inclusion Problem

Theorem
Assumptions:
o {xx} is the sequence generated by the Globalized ALPA for p > 1 and
X is a cluster point of this sequence,
° (Cl)pe(l,2), a>2—-2 p>a+2 or
(C2) p>1,ac (1—%,2—2}, p>a+2.

p
Conclusion:

{xk} converges to x € X* at a rate of

min{2, 2+T°‘}, if (p, o, p) satisfies (C1),
] min{2, H%’}, if (p, cv, p) satisfies (C2).
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Applications Nonnegative Inverse Eigenvalue Problem

Nonnegative Inverse Eigenvalue Problem (NIEP)

Given an n-tuple {A1, A2, -+, Ap} which is a spectrum for nonnegative
matrices, find X € R7*" whose eigenvalues are {A1, Ao, -+, An}.

@ Define the block diagonal matrix
A = blkdiag(AZ, -+, AP Ajgr1, -+, An), where

IS [ a_"b, Sf],a,,b,eRwith bi#£0foralli=1,---,s

and \;eR, i=2s+1,---,n.

@ The set of all isospectral matrices (by Schur decomposition):
S(A) :={XeR™": X=UN+WVUT, Uc O(n), Ve V}

where O(n) := {U € R™": UTU = T4},
Vi={VeR™": V;=0 for all (i,j) € Z} and
T :={(i,j):i>j or Nj# 0}.
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Applications Nonnegative Inverse Eigenvalue Problem

Let the mapping F: R™" x YV — R™7 x R™"
F(U, V) := (UN+WV)UT, UUT — ),

The NIEP has a solution if and only if there exists (U, V) € O(n) x V such
that F(U, V) € Q :=R*" x {0}.

Now the NIEP can be solved by the CLPA and ALPA by letting the outer
function h: R™" x R™" — R

h() = ;dp(.,Rf" « {0}).
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Applications Nonnegative Inverse Eigenvalue Problem

@ The accuracy of algorithms are evaluated by

RES =/ |[U(A + Vo) U1 + U UF = Lo

where U* and V* forming Schur decomposition of estimated results.
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Applications Nonnegative Inverse Eigenvalue Problem

@ The accuracy of algorithms are evaluated by

RES =/ |[U(A + Vo) U1 + U UF = Lo

where U* and V* forming Schur decomposition of estimated results.

@ The stopping criterion of the CLPA and ALPA type algorithms:

Outer iteration: the number of iterations is greater than 100
or RES < le-4.

Inner iteration: the number of iterations is greater than 50 or
CLPA: Gy, ,(d) < max{f||dx_1]”, 10~ P41,
ALPA: G,, ,,(d) < max{,/20vw},10-(2P+4)},

Except extra assumptions, set v=0.005, c=~v=0.9, 6 = 0.5,

a=1 p=2.
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Applications Nonnegative Inverse Eigenvalue Problem

Table 1: The result of the NIEP solved by the CLPA and ALPA when p = 2.

Algorithm CLPA ALPA
n CPU time RES CPU time RES
10 0.0849 s | 6.5e-05 | 0.0639s | 3.8e-05
50 1.7763 s | 2.9e-05 | 1.3076s | 4.7¢e-06
100 17422 s | 1.1e-05 | 8.6562 s | 8.0e-05
150 70.795s | 7.8e-05 | 43.408s | 1.1e-06
200 163.46s | 4.3e-05 | 88.427 s | 5.9e-07

Linglingzhi Zhu (ZJU)
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Applications Nonnegative Inverse Eigenvalue Problem

Table 2: The result of the NIEP solved by the CLPA and ALPA when p = 4.

Algorithm CLPA ALPA
n CPU time | RES | CPU time RES

10 N/A3 0.1601 s | 4.2e-05

50 N/A 27.741's | 2.5e-05

100 N/A 148.77 s | 8.5e-05

150 N/A 459.96 s | 6.3e-05

200 N/A 1260.5s | 1.1e-05

%1t means the algorithm cannot reach the stopping criterion in tenfold CPU time of
the ALPA for corresponding case.

Linglingzhi Zhu (ZJU)
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Applications Nonnegative Inverse Eigenvalue Problem

Table 3: The result of the RINC and ALPA (p = 2) for the NIEP (dense matrices).

dense matrices
Algorithm RINC? ALPA
n CPU time RES CPU time RES
10 0.01s 9.5e-05 0.05s 8.6e-06
20 0.03s 5.9e-06 0.12s 6.0e-06
50 0.21 s 4.5e-05 1.05s 1.2e-07
80 0.52 s 1.4e-06 471 s 5.3e-07
100 1.02s 2.4e-05 8.15s 2.1e-07

*Riemannian inexact Newton-CG method [Z. Zhao, Z. Bai and X. Jin, Numer.

Math., 2018].

ALPA
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Applications Nonnegative Inverse Eigenvalue Problem

Table 4: The result of the RINC and ALPA (p = 2) for the NIEP (1% sparse

matrices).
1% sparse matrices
Algorithm RINC ALPA
n CPU time RES CPU time RES
10 1.22 s 0.9¢-05 0.21s 9.5e-07
20 21.7 s 9.7e-05 2.73 s 3.7e-07
50 N/A 576 s | 7.7e-06
80 N/A 11.7 s 3.1e-05
100 N/A 18.4 s 1.6e-07
ALPA
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Applications Sensor Network Localization Problem

Sensor Network Localization Problem

short link (known)

Nne L
‘ ¢ anchor (known) O  sensor (to be estimated)

Figure 1: The sensor network localization problem is to estimate the positions of
the sensors in a network by using the given incomplete pairwise short distance
measurements. The sensors can only detect each other when their distance is
within the radio range (depends on the quality of the sensors).
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Applications Sensor Network Localization Problem

@ The sensor network localization problem is to find {x1,...,x,}
satisfying:
Ixi =Xl = o, llak =l = s, (i.)) € Ne, (k.j) € Me,

Ixi =il > B2, llak— x> > B2, (i)) & Ne, (k.j) ¢ Me.

@ x;: the position of sensor (variable), ax: the position of anchor.

@ dj: the short distance between sensors,
dyj: the short distance between anchor and sensor,
R: the radio range.

@ N.: the sets of sensor-sensor edges, whose length is less or equal to
the radio range,
Me: the sets of sensor-anchor edges, whose length is less or equal to
the radio range.
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Applications Sensor Network Localization Problem

Let
F(x) := (g(x),&(x)) for each x € R?*",

g(x) == ((81j,1(0)) (ij)gnes (812(3)) (i) gme)»

8(x) == ((8ij;1(%)) (i) e Nes (8ij2(X)) (ijyeme.)

and
gij1(x) == R — |xi— xil*,  (i,j) ¢ Ne,
gij2(x) = R — |lai— i[>, (i.)) ¢ M-,
giji(x) = Hx, — x> =, (i) € Ne,
Bij2(x) == [lai — XJ”2 dia (i,J) € Me.
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Applications Sensor Network Localization Problem

Let

Q= R%n(n—1)+mn—|Ne\—|Me

| « {0} C R%n(n—l)—l—mn’
where | - | denotes the cardinality of a set.

Now, the CLPA and ALPA can solve the sensor network localization
problem as a convex inclusion problem F(x) € Q.
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@ Neglecting all inequality constraints, many works concentrate on the
following relaxation model

i — x> =, (i)) € Ne,
lak = xl* = iy, (k,j) € Me.
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@ Neglecting all inequality constraints, many works concentrate on the
following relaxation model

”Xi - XJH2 = ij: (’7./) € N6'7
lak = x> =2, (k.j) € Me.

e The MDS (Multidimensional Scaling) can be used to solve the
incorporate distance measurement localization problem as above
model [X. Ji and H. Zha, IEEE INFOCOM 2004].
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@ Neglecting all inequality constraints, many works concentrate on the
following relaxation model

Xi — Xj = i I?./ [=3)
| 1> =& (i.j) € N,
Hak - XJH2 d%(_]? (k7./) € Me-

e The MDS (Multidimensional Scaling) can be used to solve the
incorporate distance measurement localization problem as above
model [X. Ji and H. Zha, IEEE INFOCOM 2004].

@ The SDR (Semi-Definite Relaxation) [P. Biswas et al., IEEE Trans.
Automat. Sci. Engrg. 2006], [Z.-Q. Luo et al., IEEE Signal Proc.

Mag. 2010] is also a popular technique to solve the above relaxation
model.
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Table 5: List of the algorithms for solving the sensor network localization problem.

Abbreviations Algorithms

MDS MultiDimensional Scaling method (relaxed problem).
SDR SemiDefinite Relaxation method (relaxed problem).
CLPA CLPA (full problem).

ALPA ALPA (full problem).

CLPA-R CLPA (relaxed problem).

ALPA-R ALPA-R (relaxed problem).

MDS-CLPA CLPA with initial points by MDS (full problem).
MDS-ALPA ALPA with initial points by MDS (full problem).
MDS-CLPA-R | CLPA with initial points by MDS (relaxed problem).
MDS-ALPA-R | ALPA with initial points by MDS (relaxed problem).
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@ The root mean square distance (RMSD) is a key criterion to
characterize the accuracy of the estimation:

2

1 n
RMSD = — Isi —xil|?]
i\

where s; is the true position of the sensor, and x; is the estimated
position of the sensor.
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@ The root mean square distance (RMSD) is a key criterion to
characterize the accuracy of the estimation:

1

1 . 2

RMSD = — s — xil|2 )
ﬁ(;n r)

where s; is the true position of the sensor, and x; is the estimated
position of the sensor.
@ The stopping criterion of the CLPA and ALPA type algorithms:
Outer iteration: the number of iterations is greater than 100
or RMSD < 1e-10.
Inner iteration: the number of iterations is greater than 50 or
CLPA: Gy, (d) < 0| dk-1]";
ALPA: Gy, v, (d) < \/20viw,.
Except extra assumptions, set p =2, v=0.005, c=~v = 0.9,
0=05a=1 p=2.
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Table 6: The numerical results for a WSN localization problem (200 sensors, 20
anchors, radio range=0.3 and initial points: random).

Algorithm | MDS | SDR CLPA | ALPA | CLPA-R | ALPA-R
RMSD 1.0e-3 | 2.8e-8 | 1.8e-11 | 2.2e-13 | 1.6e-11 | 7.8e-13
CPU time | 0.3s | 38.6s 1.7 s 15s 0.6s 0.5s
3s-S rate® 0% 0% 99% 99% 67% 68%
2s-S rate 0% 0% 64% 64% 67% 68%

>The estimation is regarded as “ts-successful” if the estimated RMSD is less than
le-5 within t seconds. “ts-S rate” denotes the ratio of “ts-successful” estimating in 100

random trials.
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Table 7: The numerical results for a WSN localization problem (200 sensors, 20

anchors, radio range=0.3 and initial points: given by the MDS).

Algorithm CLPA | ALPA | CLPA-R | ALPA-R
RMSD 1.7e-11 | 2.2e-13 | 1.4e-11 | 5.6e-13
CPU time 0.6s 03s 0.2s 0.1s
CPU time (+MDS) | 09 0.6s 05s 0.4s
1s-S rate 99% 99% 99% 99%
ALPA
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Obesrvations:

@ The CLPA and ALPA achieve a more precise solution within less CPU
time than the SDR.

@ The CLPA and ALPA consume more CPU time than the CLPA-R and
ALPA-R, because the CLPA and ALPA are designed to solve the full
version problem whose number of constraints is more than double
that of relaxation problem solved by the CLPA-R and ALPA-R.

@ When random initial points are used, the CLPA and ALPA own more
robust 3s-successful rate than the CLPA-R and ALPA-R as well as the
MDS and SDR, which is benefited from more constraints information.

@ When good initial points are given by the MDS, the CLPA/CLPA-R
and ALPA/ALPA-R will be faster with high successful rate;
particularly the ALPA/ALPA-R are much faster than the
CLPA/CLPA-R.
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Table 8: The CPU time of CLPA/ALPA with different initial points for the WSN

localization problem (200 sensors, 20 anchors, radio range=0.3).

Linglingzhi Zhu (ZJU)

Algorithm CLPA | ALPA | CLPA-R | ALPA-R
random initial points 17s | 15s 0.6s 0.5s
sensor+0.5*randn(2,n) | 1.5s | 1.2s 0.6s 0.5s
sensor+-0.1xrandn(2,n) | 1.0s | 0.6s 0.4s 0.2s
sensor+0.01xrandn(2,n) | 0.6 s | 0.3s 03s 0.1s
ALPA
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Results of the ALPA with different «
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Figure 3: The CPU time of ALPA along with « for the NIEP (p =2 and
n = 200)/Sensor Network Localization Problem (200 sensors, 20 anchors, radio
range = 0.3, and initial points: random.)

Linglingzhi Zhu (ZJU) ALPA 54 /55



O Sensor Network Localization Problem

ﬁ Y. H. Hu, C. L1 anD X. Q. YANG, On Convergence Rates of Linearized Proximal Algorithms for Convex Composite
Optimization with Applications, SIAM J. Optim, 26 (2016), pp. 1207-1235.

ﬁ P. Biswas, T.-C. Liang, K.-C. ToH, Y. YE, AND T.-C. WANG, Semidefinite programming approaches for sensor
network localization with noisy distance measurements, |IEEE Trans. Autom. Sci. Eng., 3 (2006), pp. 360-371.

ﬁ J. V. BURKE AND M. C. FERRIS, A Gauss-Newton method for convex composite optimization, Math. Program., 71
(1995), pp. 179-194.

ﬁ J. V. BURKE AND M. C. FERRIS, Weak sharp minima in mathematical programming, SIAM J. Control Optim., 31
(1993), pp. 1340-1359.

ﬁ A. S. LEwis AND S. J. WRIGHT, A proximal method for composite minimization, tech. report, 2008.

ﬁ C. L1 AND X. WANG, On convergence of the Gauss-Newton method for convex composite optimization, Math.
Program., 91 (2002), pp. 349-356.

ﬁ C. L1 AND K. F. Na, Majorizing functions and convergence of the Gauss-Newton method for convex composite
optimization, SIAM J. Optim., 18 (2007), pp. 613-642.

ﬁ 7Z.-Q. Luo, W.-K. Ma, A.M.-C. So, Y. YE, AND S. ZHANG, Semidefinite relaxation of quadratic optimization
problems, |IEEE Signal Proc. Mag., 27 (2010), pp. 20-34.

ﬁ L. Q1 AND J. SUN, A nonsmooth version of Newton'’s method, Math. Program., 58 (1993), pp. 353-367.
ﬁ R. S. WOMERSLEY, Local properties of algorithms for minimizing nonsmooth composite functions, Math. Program., 32
(1985), pp. 69-89.

X. Y. ZuENG AND X. Q. YANG, Weak sharp minima for semi-infinite optimization problems with applications, SIAM J.
Optim., 18 (2007), pp. 573-588.

ﬁ X. Ji AND H. Y. Zua, Sensor positioning in wireless ad-hoc sensor networks using multidimensional scaling, |EEE
INFOCOM, 4 (2004), pp. 2652-2661.
Linglingzhi Zhu (ZJU) ALPA 55 /55



Applications Sensor Network Localization Problem

Thank You for Your Attention.
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